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1. Introduction . .

It is well known that the changes in earth current closely correlate with
those of the learth’s magnetic field. Many geophysicists hitherto endeavoured
to explain this fact, Nowadays, it is és'ablish_ed that the greatest part of the
earth current is the induced electricity within the earth by the varia‘'ion of
the geomagnetic force of exfernal origin.

Chapman and Whitehead® iflvestigated the electromagnetic induction by
the diurnal variation of the external magnetic field. They considered a model
of the “earth containing a uniformly conducting core surrounded by a non-
conducting layer. According to them, the dwrnal variation of earth current
at Ebro®, Spain, derived from the magnétlc potential function, ag eed roughly
with the observation, while the amplitude was several times smaller.’ )

Ertel®, considering the heterogeneity of the electrical conductivity, exten-
ded Chapman—Whitehéad’s theory. The same problem in the anisotropic earth
were studied by Hirayama® as a two-dimensional problem. ' )

In this paper, a method to discuss the relation between the variation of
geomagnetism and of, earth current is described. To avoid troublesome ma-
thematics, the Writer. simply treats the earth as semi-infinite: media. (This
as;umption will be reasonable when the discussion is Jlimited to a narrow
region. ) ‘ , .

We can obtain the intensity of magnetic or electric field as the solution -
of Maxwell’s equation in q_uasi—statiOnary state. Taking into consideratxon'.
the initial'condit,ion and the boundary condition at the surface of the earth
where tte magngtic field or earth current are observed, we can get the varia-
tion of the magnetic field from the observed variation of earth current or
vice versa. o ' A‘

By this method, the writer discussed the diurnal variation of earth current

at Ebro as Chapman and Whitehead did.

- 1) S.Chapman and T. T. Whitehead, Trans. Cambr. Phil. Soc., 22 (1922), 463.
2) 8.Chapman and 7T.T. Whitehead, Terr. Mag., 28 (1923), 125.
3) H.Ertel, Veroeff. d. Preusz. Met.Inst., Nr. 391 (1932).
4) M. Hirayama, Jour. Met. Soc. Japan, 13 (1935), 456.
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- At first, assuming that the electrical conductivity of the earth is isotropic,
the diurnal varlatlon of ear h curent is calcula’ed from the observed digyrnal
variation of geomag -etic field. Then, comparmg the observed value to the
calculated ones, the electrical conducthty of the earth is determined.

The writer further treats the same problem in the ani otropic earth.
Analysmg the da*a of earth current,

in this cace, the variation of geo-
“magnetic field is calculated.

In order to avoid the accidental
irregularity of the obsarva ion, the
hourly values of the diurnal varia-
tion averaged through the i terna-
tional calm days of the year 1927

are used. Fig- 1~
Diurnal variaticn of the earth’s magnetic
ia ions ars shown ) -
The varia in field and earth current at Ebro. 1927.
th. 1.

2. Electromagnetic mnduction within semi-infinite,

iso‘ropic earth.

Electric and magnetic quantities in earth ave connected by Maxwell’s

N equations ' N - ] o N
rot ﬁ=47r—i), ‘! ¢))
. 8§ N . ,
ro. B=—" @

fpr the phenomena are quasi-stationary, where H , §, ]_Z'-) and 7 denote mag-
netic field, magnetic induction, elec ric field and electric current-density
respectively. Between these quantities we have the next relations,

= oK, @

t

B—pH, ‘ 4
and besides ) T . o

divB=0 - 5y

where ¢ and p are specific electrical conductivity. and magnetic permeability

of earth respectively. In this section, it is assumed that the earth 1s 1sotropic

and homogeneous, so these quantities are both scalar and constant eVeryWhere.e
Eliminating E from these equations, we have

—r

oH

ot =ry H ’ ®
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‘Where ,
k*=1/drop. . )

~In our problem, as the constant part nf the earth’s magnetic field does not
‘contribute to the variation of electric field in the ear:h, so we can take the
next relation as the initial condition without loss of generality, \

at t=0, H=0 | )
‘and the bouqdary condition is.
" at the surface (2=0), I}=1—1)o(t) €)

while the axes z, y and 2 are taken to be north-, east-, and downwards resp-
ectively. ' o ‘

Then the problem becomes equivalent to the typical one in one-dimen-
sional heat coduction in a semi-infinite solid whose solution can be expressed
in the Wellt—known form -0

o

y S .y dg .
B R G LA A

PO
2%y, 7

When the magnetic field at the surface can be expressed by such a series
-of harmonic functions as :
. o

Ho= 0= }_, @s sin spt \ an

n—1l_ _ %,/ n—1 — -w/z 22
g as € }/' sin (spt—— }/ ) 2 S ass e~ B2 Sln(spt——%fzﬂg ) dB.
== 0

’ az

Then, cohsid’ering the equation (2), we can get the intensity of the elec-

‘the magnetic field in the earth becomes

tric field from the above equation. If we assume that H does not depend
‘both on 2z an 4/, the vertical component of the electric field vanishes every-
" where, while the north and east compo :ents at the surface become

on=;/~ 1/3 sy an(spt+

4"0’ s—

Eou=;/;;f_&—s§ 1/ s sz sin(spt+%> .

When the hourly values of the diurnal variation of the north and east

(13)

5) For exannle, H. S. Carlslaw, Introduction to the mathematic() theory of heat in
solids. 2 nd ‘edition, (1921), p. 47. i <
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components of the earth's mggnetxc field are given,we can obtain the nume-
/rica.ll values of the coeflicients @z, «+,a;y- -+ by means of harmonic analysis’.

Then, combining these values, we can calculate the series of the right-hand
side of (13) and so, consxdermg thn hourly values of the ea.rth potent1a1 the

most rrobable values of F/ -’f ﬁwdl be determined by means of least squares.

Since p=mm and practz\cally ;1.=1,(then, we can dete?mxne the most

probable values of ¢.

In this article, as it is a sumed that the earth is electrically isotropic, spe-
cific values of the eleétrical cbnductivity can be determined independently
from eithe{ combinations of the east component of geomagnetic fo ce and
the north component of earth current or the ones of north component of
geomagnetic forg:e"and the-east component of eartH current, denoting the
former ¢, and the latter s, respectively. - !

At Ebro, the amplitude of the,east: component is about three times larger
than he north component in geomagnetic diurnal variation and wice verse in
earth current. The determined value oy, therefore, will be more reliable than
or for the disturbance in earth current, which will ke caused by some other
origins such as contact electromotive forces at the SuI:faCeS of the electrodes,

will affect equally to the diumal variation

of ea th current. In 1947, the determined %% L
value of oy and ¢, expressed in terms of ';' . . f '
10-6 ohm=1 ¢cm=!, is 47+0.9 and 3.3+18, .,fq\'-_‘ Js
whe e the probable errors are comparati- 5"’ Vo '
“p 10} 12

vely large because the errors in / Ao o I
become twice in o. . ‘ 'oPg";;ﬁ SRS : 27%1

In the next place, wWe can obtain the 4 A A .
diurnal variation -of earth current using 0;444"2“'? '45’ L g =
the above calculated values of tbe electri- ; Y '2

cal conductivity of the earth, as shown ) F{g. 9

in Fig. 2.- The calculated figures roughly Upper Figures—Diurnal Variation
. . ' of the N Gradient of Earth Poten-.
ag ee with the observation. ‘ tial, 1927. '

bout twenty vears ago, Chapman and Lower Figures—Diurnal Variation
Abou . Ty 0 .p of the E Gradient of Earth Poten-
Whitehead® computed theoretically the tial, 1927.

o oas ! bro. (Full and broken lines corespond
diurnal variation of earth current. at Ebro respectively to the observation and
They determined several coefficients of the calculation).

A\

6) Chapman and Whitehead,loc. cit .
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s herical harmonic expa-sion of geomagnetic '
potential by analysing: the geomagnetic data
(averaged diurnal variaion from 1914 to1918)

observed at several stations distributed all over
the world, and then -computed the diurnal
variation of earth current on the stand-point
of electromagnetic induction theory. The di-
* urnal variations obtained by their investiia-
‘tions are shown in Fig. 3. The figures well
resemble with those in F.g.' 2. As the annual’
means of geomagnetic forces do not extrao--

. Fig.3 . dinarily differ every year, it is reasonab’e
Upper Figures—Diurnal Variation . ; . . .
of the N Gradient of Earth Po- that we obtain similar conclusions with their
. tential. . . .
invetsigation, when the earth can be treated
‘Lower Figures—Diurnal Variation A% L ’ ) )
of the W Gradient of Earth Po. as Semi-infinite media. In F g. 2, there are .
tential. . ) s . y ;
. somewhat systematic differences between the
(Full and broken lines correspond yste
respectively to the observation Observed figlires and the computed ones as
and the calculation)

(After Chapman and Whitehead) well as in Fig. 3.

If we eliminate ]? in Maxwell’s equation,
the. process of the above mentioned theory' will be also available for the dis-
cussion of the variation of the magnetic field from the observed variation of”
carth current.

3. Electromagnetic induction within semi-infinite,
anisotropic earth.

i

It has been often reported7>5>95, that the variation of earth cur ent does
ot occur in the direction pe pendicular to that of the ezirth’é magnetic field.
Consequently; there must exist apparent anisotropy of the electrical condudti-
‘vity of earth. This anisotropy is observed even by direct measurements 'O,

Now we shall extend the electromagnetic induction theory to the anisotro-
pic earth. » '

In this case, Ohm’s law becomes

7) H. Hatakeyama, Geoyhys. Mag., 12 (1938), 1891,
8) T. Nagata, Proc. Imp. Acad. Tokyo, 20 (1944), 81.,
9) T.Nagata, Bull.'Earthq. Res. Inst., 22 (1944), 72.
10) T. Nagata, Read at the Nov. Meeting of the Earthg. Res. Inst., (1945).
A1) K. Hirao, Read at the Mar. Meeting of the Earthq. Res. Inst., (1946). -
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: i=(E a4
© Where () means tensor. ' ’ ¢
Eliminating H from Maxwell’s equation, We get "

4rn(odp —E-— 'E —grad div E 15)

If we assume tnat one of the dxrections of the principal axes coincides with:
the vertical line - to the surface, each component of electric field must satisfy

the next equations

" OE. RE: .. ., .
} 3 = (et =14 morapt) , ‘
oE , O E, .
atu "‘EU azgi ("jll_::ll4 770'111!#) . - (16)
oF, ‘
- 3t 0 \

where =, ¥ and z are the directions of the‘ principal axes.
The 1mitial and bouncary conditions are
’ at t=9 E=0 , -
T } LA
at the surface E=FE,
as well as in the former article.
. When the electric field at the surface can be expressed by a series of
harmonic functions auch as

’ , ‘ .
' Z Ag sinsp?, 18) !

 the electrlc ﬁeId in the earth becomes

; n=1 . _fi. V’ sp 2 n=1 -”:cl/: .
L= sgi‘fizse sm(spt——-— ) 17;5‘_1 1zsjo e B sm(spl——— 75 ) B,
n-l Ty, if i §27 2 ",'i‘_'l Ta 0 p
= ? — L/ WL o g2 P
Ey= Z Ayse y’ (spt ICU)/ 2 ) Vw s {Vsjo & Slh(spt £ 5° ) B-

A X Lo . (19)
Substituting these relations into rot E’:-a}?;az and integrating with respect
to time, we get the magnetic field. At the surface, the obtained magnetic

field is’ written as follows; ‘ £ (Nt
- 1 .A]/S ) . '
Hops ——— 2. cos
% ﬂ'fr/?‘i Vp \sp + x

(20)

1 %—} Aze
—— T S ——
Hoy= g 1/ co (spt—&— )
W en the angle between z- and §- (north) Fig. 4

7 (East ¥
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direction is a, as appears In Fig. 4, we can write the north and eagt compo-
nents of the magnetic field #t the surface m t e next expressions;

: 1/71 1 \sinZa "=l Aes - \
.H A= | —— N > —_—
% (fru m) 2 &/ cos <8pt+ 4) .

1/1 1Y\ cos2af1l n=l A

+{Z(Icy+xm‘)+ 2 .<”U—Nm>}gl/§;)—cos(spt+_—4_>

3 ko

1411 1Y\ cos2g(1 L1\\%5 As o |

Hop= #{Z(Ic,,’*‘,fx) 2 K‘y"m)}ziv/~cos(spt+_z) ¥
1 _1_ "1\ sinZa =t Ay, -

”< w)" 2 & Ez)cos(sPHT)”/

\ @D

- where
n—l

n—4 :
5‘ Azssinspt=Foz, Z‘ Asssinspt=Foy. ) 22)

o . Then, in the same manner wzth those of the isotropic case, we can deter-

‘mine a, £z and &y OF consequently ozz and oyy -
As a result of the actual determination, we get from the data of 1927

direction of minimum o : N18> W
omin ' 0.32x10-°ohm~' cm~,
o omax o 20 x10-¢ohm~'cm~*,
" ominfomex . 0.16. '

Usmg these values, t-e diurnal vanat101
of the earth’s magnetic field ex ected from
the theory is shown in Fig. 5. The observa-
tion agrees roughly with the calculation.

In the present case, the procedure of the
‘determination of the electrical conductivity is
much mqre'complicated than in the isotropic - '
case. For this r ason, the obtained values
will be less reliable. In both case’, the deter-

-~ mined values of the electrical conductivity

agree in its order.

As appear in Fig. 6, the direction of varia-
tion of ¢ar1;h current is nearly N 20°W, while S Fig. 5
that of magnetic field is E-W. When the ypper Figures—Diurnal variation

earth is isotropic, the induced currents flow of X, 1927. .

) o ] Lower Figures—Diurnal vanation
to the direction perpendicular to the geo-  of Yy, 1927.
(Full and broken lines correspond
respectively to the observation

deviation of the direciion of earth current and the'calculation)

magnetic variation. Therefore, the present

~
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will be due to such anisotropy ' of the

electrical conductivity as tne direction
of minimum ¢=N18°W as was given
by the th:ory mentioned above. It is rea-

sonable that the earth potential pre-

domi ates in the direction of h'gh re-
sistance. .= The - etermination will

become more accurate if we use magne- ) Fig. 6

tic variations (such as “bay-ty e’ di- N Vector diagram of diurnal variation
. ; of the geomagnetic horizontal force

sturbances) thse directions woud be. and the eatth current.

nearly parallel to that of minimum o.
4. Conclusion.

A practical method to discuss the relation between the variation of the
earth’s magnetic field and that of earth [current was descmbed in this paper
both in isotropic and anisotropic earth,

Although the writer assumes that the earth 1s cemi-infinite media, the
earth current calculated from the observed variation of geomagnetic field
agree fairly well with the one derived from the spherical harmionic analysis
of the magnetic potential investigated by Chapman and Whitehead Who,uséd
the world-wide data. :

The anisotropy of the electrical ’ conductivity -agrees with the fact that
the direction of the diu nal vafiation of earth current at Ebro is nearly
N 20° W because the calculated direction of minimum ¢ is N18° W, ;

Unfortunately, the determination of the eleétric ‘1 cond: ctivity is rather
rough for our method:is not a direct measurement. For this reason, it seems
meaningless to discuss the time-change of the electrical conductivity and its
anisot"cpy by this méthod It is desxrable to measure these quantities di ec-
tly and detect their change during a comparatxvely long period.

Anyho ,the present study shows that there exist some anisotropy in the
electrical property cf earth as was:often 1:ep:>rted. About the cause of this
aniso’'ropy we have not yet precise knowledge. = In strained state earth may
show some anisotropy, and besides certain he erogenity near the point where
the observations are executed may also be a probable cause of the a;'lisotropy,

It will be of interest and importance to investigate the relati:n between
the anisotropy and the mechanical structure of the earth's crust.

Tne writer wishes to express his sincere thanks to Prof F. K1sh1nouye for
his advices in the course of this study.
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