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Summary

A computer program to calculate the perturbation of alternating electric
currents in a two-dimensional Earth model with a conductivity inhomo-
geneity is presented. The program provides for an inhomogeneity of
arbitrary shape surrounded by a region of different conductivity. The
equations and boundary conditions are solved by a numerical method
for both E-polarization and H-polarization. The computer program
allows for the solution over a grid of variable mesh dimensions and for a
general model which consists of several conductivities. The program
is given in detail and an example for a particular model is illustrated.

1. Introduction

There is considerable interest at present in electromagnetic induction in the
Earth and the solution of the induction problem for a surface or buried region of
conductivity different from its surroundings.

Many observational studies have been made in recent years of the effects of
vertical discontinuities in electrical conductivity of the Earth on geomagnetic varia-
tions. Several mathematical approaches have been taken with respect to these
problems. D’Erceville & Kunetz (1962), Rankin (1962) and Weaver (1963) have
approached the problem analytically, while Wright (1970) employed a transmission
line analogy with a numerical approach.

Price (1964) pointed out that the problem to be considered is one of determining
the local perturbations of a given alternating system of induced currents by given
abrupt changes of conductivity. Unifoim currents are induced in a conductor and
are perturbed locally by ‘local’ variations in conductivity.

Jones & Price (1970) discussed the equations and boundary conditions for a
two-dimensional problem in which the conducting region is a semi-infinite half-space
made up of two quarter spaces of different conductivity. This problem was solved
by a numerical technique to obtain the field distributions within the conductor and
the surface values of the various components along the surface of the conducting
half-space. Both the E-polarization (E parallel to the strike) and the H-polarization
(H parallel to the strike) were considered. Jones & Price (1971a) extended this to a
comparison of three models with different contact geometry between the two con-
ducting regions. Also, Jones & Price (1971b) considered a model with one region
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surrounded by a region of different conductivity, and Jones (1971) investigated a
two-layered structure of general contact topography.

In the work by Jones & Price (1971b) a surface or buried rectangular region of
one conductivity surrounded by a region of different conductivity was considered.
Both the E-polarization and H-polarization cases were solved for a given frequency,
and surface values as a function of conductivity, depth of overburden and dimen-
sions of the anomaly were considered. From the foregoing work it has become clear
that there is a need for a general computer program to deal with a two-dimensional
anomaly of arbitrary shape. The present work illustrates a flexible method of dealing
with such a problem. The method allows for a region of arbitrary shape made up
of one or more regions of different conductivity and gives the solution in terms of
field distributions and surface values of the components. Also, the method includes
a provision for a variable grid size in order to remove some of the limitations encoun-
tered by using a square grid.

2, The general model

The general model is illustrated in Fig. 1 along with the co-ordinate system. The
interface between the anomalous region and the surrounding region is of arbitrary
shape and can be adjusted. The grid size is variable, and the anomalous region can
be composed of several different conductivities as represented by the different letters.
The conductivity A represents free space.

An alternating current, of circular frequency w, flows in the model. This current
is paraliel to the surface at y = + co.

3. The differential equations and houndary conditions

For the two polarization cases the equations, in electromagnetic units, to be solved
in the various regions are identical and are given by Jones & Price (1970) as:

E-polarization:

0*E, 0°E,
H-polarization:
o*H, @&*H,
s t 57 = in® H, 2

where n? = 4now.

These equations must be solved in each region with the appropriate conductivity
(o) inserted and with the appropriate boundary conditions. The usual boundary
conditions exist between the media at internal points of the mesh as explained by
Jones & Price (1970). The boundary conditions on the outer boundaries of the mesh
(y» o, z— o) will be discussed for E-polarization and H-polarization
separately.

E-polarization

In the case of E-polarization, the only non-zero field components are E,, H, and
H,. E, satisfies equation (1) with the appropriate value of # inserted for each region.
At large distances from any discontinuity in ¢ it is assumed that the field behaves
like that for a uniform conductor. Hence as y —» + o0 or —o0, E, within the con-
ductor is of the form (Jones & Price 1970)

E, = Eq exp {nv[()]z}, ©)]
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F1G. 1. The co-ordinate system and the general model. The different letters
indicate regions of different conductivity. Regions lettered A constitute the
non-conducting region.

where E, is the value of E, at the surface and n depends on . When the region
surrounding the conductivity anomaly is uniform, as in the case we are considering
here, E, is the same for y = + 00 and y = —o0.

Within the conductor the field components tend to zero asz — oo, and in particular
we require that the perturbation effect of the anomalous structure be negligible at
the lower boundary. In the computational method used the field components can
be made to approach zero on the lower boundary by choosing vertical grid dimen-
sions such that the lower boundary (z = d) is several skin depths from the surface.
It is then possible to set the value of E at the lower boundary constant and equal to

Exly= o, z=d"*
Outside the conductor (z < 0) for |y| large we have

E, = Eo{l +nJ[(D]z} @
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as shown by Jones & Price (1970) and so is a linear function increasing with —z
z—+ —w. Jones & Price (1970) have shown that the horizontal component of
magnetic field (H,) is the same at y — 1o for all negative values of z. H, can
then be taken equal to a constant value (say H,) on finite boundaries corresponding
to z= —hy at y = +k and all along the boundary z = —h, provided that this
boundary is far enough away to make the local perturbation in H negligible there.
Since, in this particular problem, E = E, for y = 3o (or in fact for y = +k),
then we may take

E, = Eo{l +nJ1()] ho} )

along the upper boundary of the grid as long as the above conditions on H are met.

H-polarization

For the H-polarization case the components H,, E, and E, are involved. Also,
for the H-polarization case the magnetic field is constant in z < 0 (Jones & Price
1970). H, is therefore constant and equal to H,, say, along the surface of the con-
ductor as well. It is therefore only necessary to consider the region z > 0.

At large distances (y —» + o) from the anomaly we again assume a uniform
conductor as in the E-polarization case. The solution is then similar to the E-polariza-
tion case and so for |y| large and z > O,

H, = Hq exp {—nJ/[(D]z} (6)

where H,, is the value of H, at the surface and # depends on o.

Within the conductor (z > 0), the field components vanish as z — o0, and we
assume a similar boundary condition on the lower boundary of the mesh as we did
in the E-polarization case. We choose the lower boundary constant and equal to
the value at |y| large. It should be emphasized that this lower boundary must be at
large enough z so that the fields approach zero.

4. The numerical formulation

The method of solution involves the solution of the appropriate finite difference
equations over a mesh of grid points by the Gauss-Seidel iterative method. The
equation to be solved in all regions for both the E-polarization and H-polarization
cases is of the form

V2F =iy*F, where 5’ =4now )

and F is either E, or H,, depending upon the case we are considering. If we let
F = f+ig then

Vif+iVig=in*f-n’g
and equating real and imaginary parts we obtain
Vif=-n’g (®)
Vig=n’f. ®

If a small region of the mesh is considered as illustrated in Fig. 2, equations (8)
and (9) must be satisfied at each point and in particular point 0 . Four conductivities
occupy the quadrants surrounding the point 0’. Also, the mesh sizes about the
point ‘0’ vary and in general d, # d, # d; # d4. Equations (8) and (9) become:

(V2o = (—n* 8)os (10
(V28)o = o (11)
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Fi1G. 2. Notation used for grid points, dimensions and conductivities of the regions
surrounding point ‘0°.

To obtain a pair of finite difference equations we make use of Taylor's Theorem
which yields

o (e 00
i (e 3 57
ot Qe )00
fo=fo= (Z) o+ 5 (BL) 4+

and similar equations for g,, g2, &1, £4-
If we neglect higher order terms we can express equations (10) and (11) as a pair
of finite difference equations:

Jo (21—,+d—11 + d132+d—l;) ~n*go
f‘[ (dxlda)(l ;)] *f’[_l”’(dzid‘)(l 71;)]

et am @Al e ws E-a)] o
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or
1
Jo (Ed—z) —n2go=f1 Dy +f; Dy+f3 D3+fy D, (129
1 1 11 )
(gt aatgatap) i
_ [l+ 1 (1 1)]+ [1+ 1 (1 1)]
“8|a2 T Wirdy \dy @) T2 T Grd) \d4 T 4

v 72+ gy (- a) | =l s @ a)] @
BT Wrdy) \d, &))" a2 T Gordn \d, 4,

(zd_) +n°fo =81 D48, D2+83 D3+8, Dy 13)

or

Equations (12') and (13') must be satisfied at each interior point of each region.
In particular, these two equations can be solved simultaneously at point <0’ for
Jo and g, where up-to-date values of f; and g, are obtained from the previous iteration.

In the following, the first subscript indicates the conductive region considered
(1, 2, 3 or 4) and the second subscript refers to the particular point of interest.
Equations (12) and (13') must hold for each of the surrounding regions. That is:

1
Jio (2‘—1—2) —11% 810 = f11 D1 +f12 Dy +f13 D3+ f14 Dy (14)
1
20 (E ;1_2) =122 820 = fa1 D1 +f22 Dy +f33 D3+f24 Ds 15)
1
fro(B) ~M0s0 = Dyt Drtin DukiaDe (19
i
1
Jeo | 257 ) —1a® 840 =fa1 Dy +faz D2+ fa3 D3+ faa Dy )
d;
1 2
8o |57 ) +M:"fro =811 D1+812 Dy +813 D3 +814 Ds (18)
i
1
£20 (2 d—z—) +152 fr0 = 821 D1 +822 D2+833 D3+824 Dy (19)
1
&30 (Ed_z +13> fy0 = 831 D1+83; D3+833 D3+834 Dy (20
1
£10 (Z‘.d— +14>fao = 841 D1+842 D2 +843 D3+844 Dy @1

where the underlined values are * fictitious ’ values. The boundary conditions for the
interfaces allow these values to be expressed in terms of known values. We consider
first the E-polarization case and then the H-polarization case.
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(a) Internal boundaries

E-polarization. The boundary conditions are that both the tangential and normal
components of H are continuous across any interface. These two components may
be expressed in terms of E, as (Jones & Price 1970)

-5 () -5 (&)

_ —i(af) + | (6g)

T o \dy] o \dy/’
The condition for continuity of the tangential components applied to each boundary
lead to the finite difference equations:

Jia—fio = fa3—f20 813~ 810 = 823~ 820
_@"fzo=f11—f10 821820 = 811810
Sa1—Fz0 =Jfus —f4o 831—830 = 841840
Jas—Jao = f33=f30 8a3—8a0 = 833830
Jra—=f10 = faa—Jao 8147810 = 844~ 840
S2a=f20 = fa—J30 824820 = 834830
S32—Sf30 =f22= V20 832830 = 822820
Jaa—=fa0 = f12—f10 842840 = 812~ 810-

These equations allow us to express the fictitious values of equations (14) to (21) in
terms of known values. Adding equations (14), (15), (16), (17) and making use of
the fact that

fab = f b

. gab = gba
we obtain

Afo+Bgo = f1 C1+f, Ca+f3C3+f4 Ca. (22)
Similarly, adding (18), (19), (20), (21) we obtain
—Bfo+A4go =81C1+82C2+83C3+84Cy, (23)
where in these two equations
1
A= 42?-
B= -2}
C,=4D,
C,=4D,
C,=4D,
C,=4D,.

Equations (22) and (23) are simultaneous equations which must be solved for f, and g,.
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H-polarization. As in the E-polarization case, continuity of the tangential com-
ponents of E allows the fictitious values of equations (14) to (21) to be expressed in
terms of known values. From Jones & Price (1970), the electric field components
may be written:

o JH,
Ey=;i 0z
_ o (of . W 6g)
‘?(az +‘»72(a—z
—w OH
E,=—-2-— od
n* oy

_ - (6f) ;@ (Bg)
n’ \oy) n*\oy)’
When the condition that the tangential components of E must be continuous is
applied the following finite difference equations are obtained for f:

2
fis—fio = %7 (fas—F20)

1,2
fra—fio= ‘iz (faa—fa0)
Na

_ 2’
Ja—fr0 = 72 (f11—f10)

2
fra=Fr0 = 25 (fra—f10)
/)

_ ns’
f31 —fso =3 (fu—fao)
Na
'732
fﬁ“fso = _z(fzz ~f20)
"2
_ ’142
Jﬁ—fw =3 (f33 —fso)
n3

_ n4’
f_:z_z—fw = ? (fi2—f10)-

A similar set of equations is obtained for g.
These equations allow us to express the fictitious values of equations (14)-(21)
in terms of known values. Adding equations (14), (15), (16), (17) we obtain

Afo+Bgo =f1 Ci+2C+f3C3+f4 Cy (29
and adding (18), (19), (20), (21) we obtain
—Bfo+Agy =8, C1+8,C2+83C3+84C, (25
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where, in these two equations
4 na? | s’ 4 ns®
A=—+D ( + = 2) + +D ( + 2)
d? ! W N4’ d_i 2 F 'I_z

4 4 n’
+-—+D ( + 2) +D ( + 2)
FERRAVE n_’ dz2 " T\t 717

B = —(n+n2+n2 40

’1 2
C, =D, (2+i2+—)
1 N4

and D,, D,, D,, D, are the same as for the E-polarization case.

(b) External boundaries

E-polarization. For E-polarization, on the boundary between the non-conducting
region and the conductor (z = 0) and for y » 400, y —+ —o0, we set E, = E; = 1,
that is, f= 1, g = 0. In the non-conducting region (z < 0) and for |y| large, we
have from equation (4),

E. = Eo{l-nJ((D]2}

=1 nz inz
T2 2
and so: fele nz
J2
and _ nz
g - \/2‘

In the conductor (z > 0) and for |y| large, from equation (3) we have
E, = Eqexp{—nJ[(Dlz}
= exp {—n/(i)z}.

Therefore:

f=exp (\/2 )cos\—%z

and

g—-—exp(\/g )Sanz
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The lower boundary (z = d) is assumed to be far enough away from the perturbation
that it can be made constant. Then

f=exp (— Tzd) cos :/12d

and

g= —¢xp (\/2 ) sin —= and

on that boundary. Along the upper boundary (z = —h,) E, is constant, and so:

f= \/2( ho)
and

== (-

g = \/2( ho)

on this boundary.

H-polarization. Along the surface of the conductor (z = 0)
Hx = H 0= 1
and therefore f=1 g=0.

Above the surface of the conductor (z < 0), H, is constant and equal to the value
at the surface. This means that f =1, g = 0 in the non-conducting region and it is
not necessary to solve for f and g there. However, in our programs we have had
occasion to compare E-polarization and H-polarization problems and we have
provided for a variable placement of the surface of the conductor in both programs.
Hence, we initially set the E-polarization and H-polarization grids the same, place
the surface of the conductor along the same row of grid points for E-polarization
and H-polarization cases, and then solve for the whole grid in the E-case, but only
for the grid corresponding to the conducting regions for the H-case. In the con-
ducting region (z > 0) and for |y| large

H, = H, exp {—n/[(})}z}

= H, exp( 7 )(cos j/zz—isin-?/%) .

Therefore

f=exp (—E/—gz) cos -\%z

and

g= —exp( 32 )sm\/izz
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The values of f and g on the lower boundary of the model (z = d) are the same as
for the E-case:

cos——d

f= o (- J3d) s 75

g= —exp( 7 )sm%d

5. Calculation of components

In general
= (f+ig) exp (i)

where F = H, or E, and 8 = wt is a function of time.

E-polarization
In this case, the value of E which is actually observed may be written

E,,,, = Re[(f+ig) exp (i6)] = fcosf—g sin6.

Similarly for the magnetic field components:

i OE, of
Hym_—Re[w az] =3 (a s1n0+7cos9)
—idE, 1 (of
=R —

H,, = Re [ > ay] (ay sin 6+ aycost‘))

The phases of these three components may be calculated as follows:

(Phase E,)

obs

_ Arctan ( fsinf+g cos 0)

fcos@—gsind/)’

6f og

cos 60— % sin @

(Phase H,) , = Arctan ,

6f og
~ 5 sin @ 3

obs

cosf

af cosf+ _g

T oy dy

of g
= ]
ay sinf+ 2 cos

sinf
(Phase H,),,, = Arctan

In the computer program the relative phase between each point on the surface
and the end point is calculated. This is independent of the time (i.e. ), since if at
a particular point we have

E,=f+ig
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and if we write
-1 8
f

then f = cos¢ and g = sin ¢, so that at this point the phase calculation for a given
0 gives

¢ = tan

® = tan-! [fsin9+g cosG]

fcos@—gsin6
_ [sin(¢p+6
= tan™’ [cos((iﬂ)))]
= ¢+0.
Similarly, at some other point the phase calculation will give
o = ¢’ +0.
Hence the difference in phase between these two points will be
Q=0'-0=9¢'-9,

and so in general the phase difference between any two points will be independent
of 0 and so constant with respect to time. It is therefore sufficient to calculate the
phase shift across the surface with respect to an end point for only one value of 8.

H-polarization
In this case similar expressions are obtained for the components:

H,,,, = Re [(f+ig) exp (i0)] = fcosO—g sin,
w 0H,1 o (of % &
E,, =Re [;l_i S ] = ? {E cosf % smB} s
—w oH ~o (of og .
T
obs 1 ay n ay a,V
fsinf+g cosb
H g = fcosf—gsinb
(Phase H,),,, = Arctan ( fcosf—gsin 0)
of . og
3 sinf + F cos
(Phase E}) ., = Arctan
of og .
E COSG— E Slno
of . og
% sin 6+ By cosf
(Phase E,)q, = Arctan
of og .
X cosf— S sin @

The same comments about the phase calculations apply for this case as for the
E-polarization case.
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6. The computer programs

The computer programs are written in FORTRAN 1v, and the development of the
program and the solution for the example illustrated have been done on the Uni-
versity of Alberta IBM 360/67. The program for the H-polarization case is given in
detail in Figs 3-10. Comment statements are included in the program for guidance.
The E-polarization program is similar to that for the H-polarization. However,
three sub-routines are slightly different, the subroutine for calculating the boundary
values (BYCOND), the iteration subroutine (ITERE), and the subroutine for calcu-
lating the surface values of the components (SURFVL). These subroutines are
given in Figs 11, 12 and 13. Also, the notation throughout differs for the two cases.

Both the input and output data are in electromagnetic units. The same data can
be used as input for either the E or H case. The programs compute the amplitudes

FURTRAN TV € CUNPILER MAIN 03-16-71 12320040 PAGE 0001

F=FOLARISATICN PROGRAM

PLEPOSE

TC SOLVE FOR THE MAGNETIC FIELD FOR A TwO DIMENSIONAL MODEL OF A
CONDUCT IVE CCONFIGURATICN CN A 41 X 41 SET OF GRID POINTS

FENARKS

AN ITERATIVE METHOD IS USED TO COMPUTE THE REAL AND IMAGINARY
FAHTS UF THE MAGNETIC FIELD

SLERCUTINES REGUIREC

EYCOLND (N) SETS THE BOUNDARY VALUES ON THE 41X41 GRID wiITH
THE SURFACE CF THE EARTH GN THE N'TH ROw OF THE GRID

ITERH (EPSWVMAXIFyN) ITERATES LP TQO MAXIT TIMES OVER THE GRID IN
THE REGILN FELUW THE EAKRTH®S SURFACE UNTIL THE CHANGE IN
BCTH F ANC G 1S LESS THAN EPS

SLRFVL (N} CALCULATES THE ELECTRIC AND MAGNETIC CGMPONENTS AT
THE SURFACE OF THE EARTH

+FIELT FRINYS CUT THE MAGNETIC FIELD AS CALCULATED AT EACH GRID
FCINT FUR ANY DESIKED PPRASE CF TYHE CYCLE

ME THCD

A 4] X 41 VAKIABLE SIZED GRID 1S SUPERIMPOSED ON THE TwO-
UIMENSICNAL MCOEL LF INTERESTe THE GRID STEP S1IZES ARE READ

FCR THRE HCRIZUNTAL AND VERTICAL AXES AS WELL AS THE SCALE (CMe})
ANC THE FREG (SEC**(=]1)) OF THE APPLIED SOURCE FJELO UStD FOR

THE MODEL o THE CCACULCTIVE CCNFIGURATIUN (40X480) IS READ NFEXT -w=
THE DATA FUR THIS CUNSISTS OF THE INOFEX OF THE CONDUCTIVITY
CESIRED FIR ANY PAHT!CULARyﬁFGlCHc THERE MAY RE UP TO 1S
CCNCUCTIVITIES IN THE MOOEL (KFAD INTO THE VECTJP CONDUC(15)).

CMCE THL CAYA FUR ANY MCOUEL HAS HEEN READ BY THE PHROGRAM,

THE JUUNDARY VALUES ARE SET OY A CALL TC HYCOND (N}o THE
LTENATION 1S PERFORMED €Y A CALL TU ITERH (FPS.MAXITeN)s SURFACE
VALLES OF INTEREST ARE CALCULATED 8Y THE SUBROUT INE SURFVL. (N)s
AML THE MAGNETIC FlELD 15 PRINTED OUT £Y HF1ELDe

AADPDNAANNANDDONNADNHANNONANANNNNADOABANRAANDOONANDNDNANDADRNNNN

FiG. 3. H-polarization program (main).

OANADNNNNOANNADONNNNNANNNONADNNNNDANAANNNDNNNNNANOANNAANNN
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FURTRAN IV € COCMPILER MAIN 02-16-71 12220440 PAGE 0002
¢ c

cect KLAL K 17
002 CINENSILN ALPHA(15) s CONOUC(1S)y SKIDE(1S) 49
cces CCPMEN Fl41041)+60412401),H{40)K(A0),SCALEFREQWESIAN(40,440) 59
0cca DATA ALHHA/ZIA  § .0 $,0C 0,10  $,0E  $,0G 04 0, 62
l1e'M 0% 0,05 'y Tet'n TetX 402 L4 79
ccey CATA CONDUC/1S#G o0/ a0
occe READ (£42C0) a0
occy HEAU (542000 K 109
cece READ (54210) SCALEFREG 110
[ HEAD (55200) C(WEGICN(14J)0J=1440)41=1449) 120
co10 FLAD (542204ENC=115) CCNUUC 126
ccit 115 SFITE (64230) 119
149
C 150
cCle £C 110 L=1440 160
0013 HIL)=H{L)*SCALE 170
cola 110 K{L)=K{L)}#SCALE 149
“c1s F1=4.0%ATAN(1.0) 120
ca16 CNEGA=2+.04FI*FREQ 200
cc1? CC 120 1=1,40 210
octa CC 120 J=1.40 220
0019 120 hEGION(I4J)=4,04P1#CCNDUCCTFIXIREGIUNG I 4J) ) ) *OMEGA 230
< 2480
c 1€ SET UCUNDARY VALUES CF F AND G 250
0020 CALL HYCCND (&) 260
3 270
< TC PERFORM THF ITERATICN WITH EPS=40001 AND MAXIT=500 AND SURF=6 280
0021 CALL ITERF (400014500,6) 290
C 300
C 3190
C TC CALCULATE VALUES AT THE SURFACE 329
0032 CALL SURFVL (€) 330
c 340
< NCw PRINT QUT THE CUNDUCTIVE CONFIGURATIUN EY PLACING ALPHA DATA 350
c INTO REGICN 260
0023 CC 140 I=1+4C aro
0024 DC 140 J=1,40 380
cc2s DO 130 L=1.18 390
0026 IF (REGICN{L+J)eNZo(440¢PIACONDUC(L ) *ONEGA)) GU TO 130 400
o027 FEGIUNCI ¢ J)=ALPFAIL) 410
ccze €C TO 140 420
0029 130 CCONTINUE 430
0030 140  CCNTINUE 440
€021 BSRITE (64240) as)
0032 DO 150 I=1,4C 460
0023 150 WRITE (64250) (REGICN(I4J)eJ=1440) 470
co3a CC 160 L=1,40 480
o038 KL )=K{L)/SCALE 490
ocae 160  H(L)=H(L)/SCALE 500
ccav WRITE (642€60) 510
ocae DC 190 I=141% 520
c039 IF {CUNDUC(1).EGe040) GO TC 170 . 530
coao SKICE(I)=(140)/{2.0¢P1#SART(CONDUC(1)#FRCQ) *SCALF) S40
coal GC TO 180 550

FiG. 4. H-polarization program (main).
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MAIN 02~-1¢-71 12220440

SKIDE(I)=994G999499.,

WR1TE

(6427C) ALPHA(I) CONDULCUT) W SKIDECT)

CONTINUE

WRITE (6e428C) K

WHITE (€4290) K

WRITE {(6+4300) SCALE.FREQ

TC CALCULATE THE MAGNETIC FIELD FOR THE REGION
CALL HFIELD

sTuP

FCRNAT
FUKMAT
FCRMATY
FCRMAT
FCRMAY
FCRMAT
FORMAY
FCRMATY
FURMAT
FURMAT
FURMAT
[ 3.0+]

{4CF2.0)

(2F10.0)

{E10.%)

(1h1///777¢6CXe20H/7% H=-POLARISATION *///7)

PAGE 0003

(1h1/7/77730Xe34H/% THE CONDUCTIVE CONFIGURATION $//)

(lr +2CX44CA2)
(1rO0s4EXSHSIGMALSXe 1OMSKIN DEPTH/Y
(1F 240X sA24E13.44F8.2)

(1r0e8kF VALUES80F3.0)

{1FD+EFK VALUES+4U0F3.0)

(1FO+7HSCALE =+FlUeQe7H FREQ =4F1046)

TCTAL MEMCRY KREGUIFEMENTS 00QCE22 BYTES

FCRTIFAN IV G COMPILEF

€ocy

ccee
€Ccc3
0CCa
€CCs
ccce
vece?
ccce
cC(s
oo01l0
oc11

co12
cot2
00le
cecls
001€&
c017
co18
cc16
€czo
o021

co22
0022
Co2a

140

150

FiG. 5. H-polarization program (main).

BYCUND 02-16-21 12:20.51

SLEFRUUTINE £YCTRD tN)

FEAL K

PAGL 0001

CUMMCN F(41441)¢Gla1441)4H(80)4K(40)+5CALEFRFQVEGION(40,+40)
CIMENSICN CIST (A1)
FACTGR=SChT(RECILN{40.40)/7240C)
CIST(1)=0.0

oC 110

I=2.a1

CISTL{I)=K(1-1)+D1ST{I=-1)
DISPR=DISTIN)

CC 120

1=1,4a1

UIST{1)=D1STLi)}-D15P

pC 120

I=14M

F{lsl)=1a0
GlIel)=0.C

VNl
LC 140

rilsl)=

I=Ve4]
EXF(=DIST(I)*FACTCR}*CCS(DIST(1)¢FACTOR)

GUlo 1 )=—EXP(-DIST(I)I4FACTOR)*SIN(DIST(1)*FACTOR)

cC 150
pC 150

I=1.4a1
J=Z el

FlleJi=F(ls1)

Ctisd)=

FETUKRN
ErC

GllIs1)

TCTAL FEMCRY RECUIFEMENTS C0045A BYTES

FiG. 6. H-polarization boundary condition subroutine.
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560
570
$80
590
600
610
620
630
640
650
660
670
680
690
700
710
720
730
740

760
770
780
790
800
810

10

32
a9
50
60
79
89

109
110
120
130
140
150
150
170
1892
190
200
210
220
230
240%
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FLCRIRAN IV G COMFILEF 1TERF 03-16-71 12:21,01 PAGE 0001
oeot SLUERUUTINE 1TEkH (EPSMAXIT.N)
cce2 REAML X
€CC3 CCMMEN FLa1441)4G{a14a1)0HIA0)K{A0)SCALEFREQ.REGIONL40,40)
0004 DIMENSIUN A{40440)¢ PLA040)s C1140+40) ¢ C2(00,403s CI{40,40), Caf
140+40)
ceces LSS
CCCce CC 110 I=M,aC
cce? CC 110 J=Z,.4C
ccee DIS1e/HID)$424 01/ (HIJI#HII=1)) )01 e/HLI-1)=-14/H(J))
cous > 1e/KEI-1)882 40 e /7(KUIIEKI-1) ) ®{la/KEDI=1a/K(T~1))
«cio /HtU- 118824 (1 o/ FIS)4HII=-1D) IS (Le/HLI)=1e/HEI=-1))
et 08=1e/KIT)8024 {1/ (KIIIIK(T=-1))I® (1 e/K{T=1)=14/K(1))
co1e Alled)=ae/r{J)a52¢01{REGIUN(I=1+J-1)1/REGION{TI=1¢J)¢RFGION{1+J=1)/
TRECICN(T VU )=24)44e/K{1=1)%424C20(REGION(1+J~1)/REGION(I=14J=1)+REG
2ICNGTaJ) /74 ECTIONCL-1 4J)=20) 44 0/HIJ-1)2824D3® (REGICN{T+J)I/REGION(T+J
=1 )4REGICNITI=14I)/KEGION(TI=14J=1)=2e)¢+4./K(1)822+DA(REGION(I=-1,4J)
A/REGIUNCL o) #RECILN(TI= 19 J=1)ZREGIUNIT 4 J=1)=20)
©o13 Blled)=—(RECICNC(I4J)IREGION(I=14J=1}4REGION(I~14J)+REGICN(T+J-1))
cots ClUl+J)=UI@LRECICNIT=14J=1)/KEGIUN{TI =14 J)}4REGION{T+J-1)/REGION(T+J)
t)ezs)
[§ ] CO20Lod)=C2o0(RECIONCT s J=1)/HREGIUNUTI=1,43J-1)4REGIONCT+J)/REGION(TI-14Jd
1)+2,)
Gole CICLoJI=DIP(REGION(I s U} /REGICN( L2 J=1)4RFGIUN(I=14J)/REGION(I=1+J-1
1)42.)
17 110 CALY o I)I=D4d(REGECN(T=14J)/REGICNIT+J)+RESION(I~14J-1)/REGION(TeJ=1
1)424)
ccia 1TER=0
cety WEITE (Gs150) EFS.MAXIT
C
C
c0z0 CC 130 L=1.MAXLT
00zl TTERZITERSL
CO0e2 ET1GF=0e0
€022 F1¢G=0.0
(nza CC 120 I=mqag
cees CC 120 Jx=Zea0
Qoze CF (Lo d41)2C 0T 0J)4F(LaJ=3)2CUIoJ)4F(I#14J)8CA{T4J)¢F(I-1,sJd)2C2(TL
1ed)
co27 FoClladt1)8CI0TodleGlIod=3)0C2C T4 )4G{T010J)8CA{T4II4GlTI-10J)2C2(L
1+,J)
ucea TEMPFZ(COALT.J0)=Bl1,J)SPI/Z(A(T+J)3%24R(1sJ)%82)
[P TENMPGS(A(1,J)*F4CSE(T4U)I/7{ALTJ)%0248(1,J0)822)
[N RESIDF=AES(TEMFF-F(1eJ))
(v HESICUTABS (TEMEG-Gl14J))
co22 1F (HESIDF «CToHI1GF) BIGF=HESICF
[ IF (e SIDCeCT4E1GG) BICG=RFSIDG
[SVEXY FUlleJ)=TENFF
(cre¢ 120 ClloJ)=TLNLG
cCcae IF ({HIGF JLYEPS)AND S (BIGGeLTLEPS)) GO TO 140
ce2? 140 CONTINUE
to2e wR1Te (€,16C) BIGF,RPL1GG
L3y hETURN
L1040 140 WRITE (€,17C) 1TER
vual ~E TURN
C

Fi1G. 7. H-polarization iteration subroutine,
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The perturbation of alternating electric currents

Iv ¢ CCMPILER 1TEfF 03-16-71 12:21.01 PAGE QUN2
4
c .
1s0 FORMAT (9h0/#% FPS =.F9,6428H MAXIMUM NOo OF ITERATIONS =¢165+2H4/)
100 FLRMAT (1} J.45F/% STOPPED UN MAXe NUs OF ITLKATIONS, FDIFF =¢F 1046
1el1M AND GDIFF=,FlCets3F %/)
170 FLRVAT {1r0scdk/se STUFPED CN ITERATIUNGIG643H %/)

£EnC

TCPAL NeMCRY REUWLIREMENTS CCSEDE BYTFS

FiG. 8. H-polarization iteration subroutine (contd.)

FLRIRAN IV C CLMFILER SUNF VL 03-16-71 12:21.16 PAGE 9001
[\ } SLEROUTINE SURFVL (L)
cece REAL K
cocy CINENSILN AMF(&1)y AMLIY(41)e AMEZ(41)s DPHASH(AL): DPHAFY(Al)}, DPH
LAEZLA1) s APPRES(4L)
[ ) COMMON FLALe41)eGlaled1) sHIA0)K(40)SCALE,FREQ,REGION{40,40)
C
<
ucce F1=4.08ATAN(140)
Lece CNECATZ2,09PISFREQ
cce? WEITE (6,140)
(cce WRITE (6515C)
Lees =L
C
6010 CC 110 J=2,40
[He3 9] CHRASHIJ)I=ATANZ(GIIJ)sF(L4J))
uo12 CPRRAEY(JI=ATANZ((G(I#T e JI=GlI=14J))e(FlleloJ)~F(l=-14J)))
vo12 DFFALZ{J)=040
ccle AMFLJ)I=SGRTIF LT 4 J)*224G(1,J)%92)
0aLe AMEY(J)=((2s%CMEGA)Z7{REGIONIT ¢ Q) +REGIONI L ¢J=1) ) ) #SURTIL(F(Tod)=F (1
1410J)})/7UKC1DII223((G Led)=-ClI®14JII/Z(K(LDI))I*e2)
ocie ANMEZ(J)=((2e*UCMEGA)/(REGICNIT ¢ J) ¢HREGIONCIJ=1)))2SORT(((F(lsJs1)-F
11ed=21227(00D) el I=1)) )8 824 0(G(]sJ+]1)=ClIed=1))/(HLIISH{I=1}))s82)
co1? 110 AFPRES(J)I=(2.0/FREQ)*((AMEYLJII/AMH( ) ) *32)
[
[4 THE COMPCNENTS ANMEY AND AMEZ ARE NURMAL [ZED WITH RESPECY TO
< THE FIELD AY ERFINITY (PCINT 2) AND PHASE DIFFERENCLS ARE
C CALCULATEL HELATIVE TC FUINT 4Q
cci1e ANESSQRY(ANEYL2)S82+ANEZ(2)822)
cJ19 DC 120 J=7440
cceze ANEY (JI=ANEY(J)/Z7ANE
coz1l ANE L) =ANEZ(J) /7ANE
coze CFFASH(J)=DFRASHIJ)I-DPHASH{40)
Lee2 CHRAFY(J)=CFFAEY(J)-DPHAEY(40)
Loza 120 BFHAEZ(J)=CHFALZ(J)-LPHAEZ(40)
[
(1 LC 130 Jzz.4C
Lot 130 WHITS (L1602 JoAMH(JI) sAVYEY(J) JANEZ(J) yOPHASHIJ) «DPHAEY {J )4 DPHAEZL
1J)48PPAEG(I)
cez? FETURN
C
C
C
ccae 140 FORMAT (1H0 440X ,20F/% SURFACE VALUES #//7)
0y 150 FORMAT (170 T e PAMEI T2 PAMLY ,T33, CAMEZS , T4B, DPHASHY 3 TS7, *OPHAE
1Y ' eTOS s 'CHEALLY 4 TOl +SAPPHES '/ /)
(o3e 160 FORMAY (1F olZ4€(2%XsF10e3)4£1243)
1 tAC

TLTAL FENCRY RECLIFEMENTS QCCAFRE EYTES

FiG. 9. H-polarization surface values subroutine.
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FLCRYRAN TV G CUMFILEF FF1ELD 03-1€6=71 12121426 PAGE 0001
occy SLERULTINE FFIELD
cce2 KEAL, K
ccc3 COMMON F(A1+41)4G(4144134H(40)sK{40) SCALE+FREQ/REGION(40+40)
coca CIMENSICN FIELD(41,41)
[4
C
cece DC 140 L=22,84432
vcce THETAZ (FLGAT(L))A(44®ATAN(140))/64s
Gee? OC 110 [=1441
ccce CC 110 Jsl.41
occs 110 FIELO(T v J)=F{1sJ)PCOSITHETA)-G(T+J)*SIN{THETA)
cesc WFITE (6415C) L
vot1 CC 120 1=1,41
cere 120 WRITE (64160) (FIELD(LaJd)sJdm1,21)
co12 DC 130 I=1.41
co14 130 WRITE (£0160) (FIELD(I4J)eJx21ead)
cc1s 140 CCATINJE
ccle RE TLRN
c
C
[4
cc17 150  FCRMAT (1W1//77/421H/% PRINT CF HFIELD AT+13,17H/64 PI RADIANS ¢/)
cota 160 FLRMAT (1FOv21F€e)
ccts END

TCTAL MEMCRY RECLIFEMENTS GCCIE2E DYTES

FCRIRAN IV C COMFILER . BYCOMG 03-16-71 12:03.53 PAGE 0002
ccca SLERQLTINE OYCCND (N}

veCz REAL K

0ce3 COMMUN F(41441)4Glalsa1)sH(40)sK(40),SCALEsFREQIREGION(4G440)
ccla CIMENSICN DIST(41)

ceces FACTOR=SCRY(REGION(A40+40)/7240)

ccce CIST(1)20.0

cce? DC 110 =241

occs 110 CISTCII=K(I-1)eDIST(I-})

cccs CISP=CISTIN)

ocic CC 120 I=1.41

oot 120 CIST(I)=DIST(I)=DISP

ocr2 £C 130 I=1,N

vot2 Flle1)=140-CIST(I)4FACTOR

acie 130 GUI+1)¥==DIST(IISFACTCRK

oc1e ¥=nel

ccle CC 140 [=M,.41

0ct? FUIs1)=EXF(~-DIST(I)#FACTCR)I®CCS(DIST{ 1) SFACTOR)
cate 140 C(lel)=-EXP(=DIST{L)OFACTOR)SSIN({DIST(1)¢FACTOR])
cots DC 150 1=1.41

cezo CC 150 J=z.4a1

cozt FlleJ)=F(141)

0022 120 G(14d)=G(1e1)

0022 KE TURN

0024 ENC

FiG. 10. H-polarization field print-out subroutine.

TCTAL MEMCRY REGCUIREMENTS CCL472 BYTES

FiG. 11. E-polarization boundary condition subroutine,
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FLEIRAN IV G CC¥FPILER

ouvot

ccc2
€cc3
cCca

(148
CCce
€cc?
ccce
(1444
ccic
ccit
coi2
[ 3 &}
acCi4

oc1¢
CGO1LE
€17
ocie
€019
co20
“ozi

Qoz2

c6z3
0024
ccze
€Cz¢
(1934
ccze
c€ca9
cczc
0021
co22
0022
€026
0C3s
cC2e

0c27?
gols

0029
ccacC

TCIAL

110

The perturbation of alternating electric currents

1TERE 02-16-71% 13203,.,56 OAGE 0001

SLOLOUTINE ITERE (EPS.MAXITY

hEAL K

CONMON F(A1,41):G(a1+41),HIA0)sK(40)SCALELFREQG.HEGION(40,40)
TINENSILN ALA0440) s E(40+40)s CL1(40480) s C2(4040)s C3(40,40), Co¢
14C¢40)

£C 110 I=2.4C

CC 110 J=Zz.4C

A{10JI=4 et (1a/F(J)e3241a/H(J—1)882414/K(1)e924]4/K(I-1)082)

BUT 4 J) =~ (KEGICNC(T ¢ JIHHEGICN( I -1+ J=1I4REGION(I-1,JI4REGION( T 3-3))
CI(LeJ)=0et(1a/HII)I®828 10/ (HIIISH(I=1) D)8 (1e/H{D-1)=10e/H(I)))
Celledd=a,#(1e/kiT=1)082001o/7(K(L)4K(LI~1D))*(Lo/K(l)~1e/K(T=-1)))
CIULaJI=a (1 /H(I~1) 00201 a/7{H{IIEHII-11)) % (2 a/7H1D)=10/H1I=-1)))
CA{lad)=6e®(1a/RIT)824( a/(R(IDEKII=1)IIN(1e/K{I=1)-1e/K(1)))
IVER=Q

WHITE (64150) EPSMAXIT

DC 1320 L=1,.Max1T

ITER=ITEN®]

EJIGF=0e0

E1GG=0.0

BC 120 I=244C

CC 120 J4=2.40Q
CEF(1eJde1)0CH(LaJ)+F(1ad=1)8CI(14J)4F(141sJ)%CAlTvJ)eFlI~-10Jd)0C2(12
1.4)

F2Cllad91 3001 (10J)4GLT4J=-208CT(10d)¢G(I¢14J)¢CA(TsJ)eG{I-1eJ)eC2(]
1+J)

TEMPF(COA LTI s )-BCIoJ)2P )/ (AT 43)80248(1,J)0%2)
TEMPG=(A(L J)SPACRE(L2J) )/ (A(LsJ)082¢4B( 1 J)082)
RFSIDF=ABS(TEMPF-F(1.J))
PESICG=ABS(TEMFG~G(1sd))

IF (NESIDF.CT.BIGF) BIGF=RESIDF

IF (RESICC.CT.LIGG) HIGG=RESIDG

FUleJ)=TEMFF

G(14J)=TEMPG

IF ((EICGFJLTEPS) eAND(BIGGILTCEPS)) GU TO 140
CONT INUE

WRITE (€+41€C) BIGF,BIGG

RETURN

wRITE (6+170) 1TER

RETURN

FCRMAT (9R0/% EPS Z,FG+6428H MAXIMUM NQe OF ITERATLIONS =, 16.2H8/)
FCRMAT (110s45r/% STOPPED ON MAXe NOs OF ITERATIONS. FOIFF =2,F10.6
1e11H AND COIFF=4FlGaC6+3H 8/)

FCRMAT (1F0423F/7% STOCPPED ON LTERATION, 16,31 */)

thND

BEMCRY REGUIREMENTS CCSCB4 BYIES

FiG. 12. E-polarization iteration subroutine.
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FORIKAN IV G CUMFILER SURFVL 03-16~T71 13:04,03 PAGE 0001
ocol SLERUUTINE SURFVL (L)
cccz REAL K
coca CIMLNSIUN AME(Q])y AMMY(Q1)s AMHZ(41)s DPHASE(41), DPHAHY(41l)s DPH
1AFZ(41) ¢ APFRES(AL)
€CCa CCMMUN FUA1,81)00G(A41441),H(40)+K(40)¢SCALEFREQ'REGION(40,40)
4
[4
ccee FI=440%ATAN(140)
CLce CNEGA=2.,0%P18FFREQ
ccc? WRITE (6o14C)
ccca WEITE (641%50)
cCccs 1=t
[4
cc10 DC 110 J=2.40
co1t UPHASEL{ J)I=ATANZ(G{14J)sF(T1,J))
cc1e CRRARY (J)=ATANZU(GITI414J)=GlI-14J))+(FLI314J)-F(l=14J)))
Gu13 CFRAHZ(J)ISATANZ((G(T 041 )-Gl1eJ-1))s(FllaJel)~F(lod=-11))
[IVRYY APELII=SCRTI(F{T,J)%424G(1,0)0%2)
ec1s BVHY(J)Z (1 o/CMEGA)$(SCRTUI(F{LI~10J)=~F(I¢1sJ)I/7(KLT)4K{T=1)))08420( ¢
16GETI=149)-C It )ZIKEII4K(T=1)))002))
vole AMFZEJI=Z(1e/LMEGA)ISISGRT((IF (I J+1)I=F(TaJ=1))/7(H{J)4HLI=1)))0024((
16T o J#1)=ClLed=1D)/7{HEJIEH{I=~1))I0%2))
Gciz 110 AFPRES(J)=(2.8/FREQ)IS((AMELI) Z7AMHY(J) ) ®82)
[
[ TFE CLMPCRENTS AMHY AND ANMHZ ARE NORMAL IZED WITH RESPECY TO
[ THE FIELD AT INFINITY (POINT 2) AND PHASE DIFFERENCES ARE
[ CALCULATED FELATIVE TC FOINY 40
cole AMH=SQRT{AMFY{2)8424AMHZ(2)%02)
coly CC 120 J=z.4C
cgav ANEY(J)SANMFY(JI)/ZANKF
(D] ANFZ{J)=ANHZ (I} /AMH
C0e? CFHASE{J)=CHFASE{J)I-DPHASE(40)
[ K] OFFAHY (J)=CFrARY(J)~DFMARY (40)
¢oea 1290 CRRAHZ(J)IZCRFAFZ(J)-DFHANZLAD)
[4
cees DL 138 Jzce0C
tnés 130 ARITE (641860) JoAME(J) s ANHY(J) ¢AMHZ(J) +DOPHASE(J) +DPHAMY (J) JDPHANHZ(
1J) + AFPRES(J)
CCe? RE TUSN
. <
[4
[4
ctae 149 FCRMAT (1FC.40X,20H/% SUKFACE VALUES %//7)
Co¢ s 150 FORMAT (10T PAME? T2 1 o PAMHY 1o T33, PAMHZ s TAS ' DPHASE ! « T574 'DPHAH
1Y% o fwY e *DFFAFZY s TEL s "APPRES*//)
Vo 109 FURKMAT (t+ o120€(2%4F1003)4E1243)
on2 [N

TLUTAL MEMCKRY REGLIFEMENTS GC0£D8 CYTES

F1G. 13. E-polarization surface value subroutine.



The perturbation of alternating electric currents 23

of the surface values for the components and normalize them with respect to the
field over a uniform conducting region. Also, the phases of the components and
the apparent resistivities are calculated. The programs can easily be altered to
compute further ratios of interest or other relative phases. The surface values are
printed out and a representation of the conductivity distribation is also exhibited.

The programs calculate the field distributions throughout the mesh, and print
out two instantaneous field values, (8 = /2, which corresponds to a field value of—g
and @ = &, which corresponds to a field value of —f). The program can be modified
to calculate and print out the field distributions for any instant during the cycle.

The program illustrated is for a mesh of 1681 grid points (41 x 41), although it
can be adapted for any grid size.

7. Computed example

The model used to illustrate the program is one with an anomaly of several
conductivities. Fig. 14 gives the conductive configuration which is printed out in
both programs. The anomaly consists of four conductivities. The conductivities
used are shown in Fig. 14. The frequency employed in this example was 0-000333 Hz
(approximately 50-min period) and is also given in Fig. 14. The skin depths for the
various conductivities are calculated and shown in Fig. 14 as well. The product ocw
only is required in the calculations, and so it follows that the same solution will
apply if both conductivities and the period are decreased in the same ratio, with
suitable adjustment of the grid size. The horizontal and vertical grid sizes are also
given in Fig. 14, and in this example the vertical grid sizes (K) vary, while the hori-
zontal grid sizes (H) are equal. Fig. 15 is the H-polarization printer output for the
computed surface values. Fig. 16 illustrates these surface values graphically. For
this polarization |E,] (AMEZ), phase of E, (DPHAEZ) and phase of H, (DPHASH)
are zero, while the amplitude of H, along the surface (AMH) has been set constant
and equal to one. The normalized amplitude of E, (AMEY) is shown along with
its phase (DPHAEY). Also the apparent resistivity (APPRES) profile is given.

Fig. 17 gives the computed surface values for the E-polarization, and Fig. 18
illustrates them graphically.

8. Conclusions

For the model illustrated the computation time for the H-polarization case was
8975, and for the E-polarization was 115-3s. The computation time depends on the
grid size, conductivity contrasts and the frequency. Also, the time depends upon the
convergence criterion imposed (value of EPS). The initial values for f and g at
interior points are set to values corresponding to a uniform conductor.

In the present programs the surface values are approximated by finite differences.
This leads to error in the surface values which is evident in the apparent resistivity
curve. The position of the curve is displaced from the true apparent resistivity
values over the uniform regions.

In the E-polarization case the graph of DPHAHZ (the phase H,) as shown in
Fig. 18 exhibits two jump discontinuities of order 2n. This is because of the limited
range of the ATAN2 function of FORTRAN 1v. The graph can be made to appear
continuous by shifting the displaced portion of the curve by 2.

It should be noted that the programs solve the problem of an isolated inhomo-
geneity and so the anomaly should be far away from the boundaries of the grid
so that the assumption of uniform conductivity as y » + oo will be valid.
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29



30 F. W. Jones and L. J. Pascoe

Acknowledgments

This work was supported by the National Research Council of Canada.

Department of Physics and the
Institute of Earth and Planetary Physics,
University of Alberta,
Edmonton, Canada.

References

D’Erceville, 1. & Kunetz, G., 1962. Geophysics, 27, 651-665.

Jones, F. Walter & Price, Albert T., 1970. Geophys. J. R. astr. Soc., 20, 317-334.
Jones, F. Walter & Price, Albert T., 1971a. Geophysics, 36, 58-66.

Jones, F. Walter & Price, Albert T., 1971b. Geophys. J. R. astr. Soc., 22, 333-345.
Jones, F. W., 1971. Geophys. J. R. astr. Soc., 22, 17-28.

Price, A. T., 1964, J. Geomagn. Geoelect., 15, 241-248.

Rankin, D., 1962. Geophysics, 27, 666-676.

Weaver, J. T., 1963. Can. J. Phys., 41, 484-495.

Wright, J. A., 1970. Can. J. Earth Sci., 7, 527-531.



