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ON THE INVERSION OF GLOBAL ELECTROMAGNETIC INDUCTION DATA
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(RcceivcdMay 12, 1975)

The initial phaseof any inversion of geophysicaldatamust examinethequestion of the c’~StCflCeof globally clis-
tinct solutions.Previousinversionstudiesfor global electromagneticinduction (GEMI) dataare reviewed from tins

point of view. A basicinversionstrategyfor geophysicaldatais considered.It is concludedthat future progressde-
pendson theuseof syntheticdata to resolvequestionsaboutthe potentialconstrainingpowerof GEMI data.

1. Introduction uniquenessproblem andtheextentto which different

typesof dataconstrainsolutions.Though somesuch

In the generalfield of geophysicaldatainversion,a aspectshavebeenexamined(see,for example,Bailey,
numberof independentmethodssuchas Monte Carlo 1970, 1973;andWeidelt, 1972), full advantageof its
inversion(Press,1970; Anderssenet al., 1972),lineari- potentialitiesdoesnot appearto havebeenexercised.

zation(BackusandGilbert, 1967, 1970),hedgehogging For example,no useof it hasbeenmadeto investigate
(Keilis.Borok andYanovskaya,1967),andedgehogging whichsectionsof the frequencyresponsespectrum
(Jackson,1973)havebeenapplied.hut little attention exertthe strongestconstraints.
hasbeenpaid to what thegeneralphilosophyunder-
lying datainversion should be.We thereforeaim to 1.2. Linearizationof theproblemfirmulation
examinethis questionhere,at leastfrom thepoint of
view of inverting GEMI data,andtherebygeneratea In recentyears,linearizationof the problemformu-
basis for thecomparisonof methodsproposedto lationhasplayedanimportantrole asatool in geophysi-
date. cal datainversion.Much of its popularity is due to the

work of BackusandGilbert (1967, 1968, 1970),who

1.1. Direct inversionthrough theuseofan inversion haveformalizedit asa tool in geophysics,though the

fortnula essenceof the techniquedatesbackto Newton(see,
for example,RaIl (1969, chapter4); andVainberg

Thoughan inversionformulais known for frequen- (1964,chapter8)), andthe Backus-Gilbertframework
cy responseGEMI data,it doesnot yet haveasatisfac- is quite general.In the mathematicalliterature,it is
tory computationalimplementation,becauseknowl- often referredto as the Newton-Kantorovichmethod
edgeof thewhole frequencyresponsespectrumis re- (see,for example,Mikhlin andSmolitskiy, 1967). In
quiredfor oneof the sphericalharmonicmodes(see ageophysicalcontext,manyauthorshavestressedthe
Bailey, 1973, p. 238). The availablefrequencyrespon- essentiallimitations of the method (for examplesfrom
se dataarein fact very limited, becauseof thenature the geophysicalliteratureseeJackson,1973,introduc-
of the observationalprobleminvolved.While the tion; andBackusandGilbert, 1970, sectionA.!), but
known inversionformula for frequencyresponse none,except for Sabatier(1974, section4), haveac-
GEMI datacannotbe usednow,it mayhavetheoreti- tually illustratedexplicitly thepitfalls whichsurround
cal importance.It mayilluminate the underlyingnon- its use.
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In Section2, we aim to showthat: haveshownthat thegeophysicalbehaviourandinter-
(A) The useof linearizationcanleadto theintro- pretationof Earthmodelsdependsheavilyon the size,

duction of assumptionswhicharenot compatiblewith sharpnessandposition of thediscontinuitieswhich
the assumptionswhichunderlie theproblemformula- they contain.
tion. Two differentcomputationalstrategieshavebeen

(B) Whenusing alinearizationmethod,thereis no developedfor the inversionof data.They are:
guarantee,unlessthe contraryis established,that,for (1)Non-uniquenessmodelling.Forgivendata,deter-
agiven starting solution,themethod: mine thedegreeof non-uniquenesswhich they support

(i) Will not oscillate(without converging),or within given apriori boundsfor thesolutions.
(ii) Will convergeto thesolutionwhich is closestto (2)Refinementmodelling.Forgivendataandasuffi-

the starting solution. ciently accurateapproximationto what is “thought”
to be a “correct” solution supportedby thedata,

1.3. Direct numericalmethodsof solution determinea betterapproximationto this solution.
Thoughtheuseof(1), thepossibleexistenceof

Whenusing theword linearization,it is necessary globally distinct solutionsto a giveninversionproblem
to distinguishbetweenthe linearizationof theproblem can be examined.In situationswherethe degreeof
formulationandthe useof linearizednumericalmeth- non-uniqueness(i.e., extentof thevariationamong
ods to help solvethenon-linearformulationby some the globally distinct solutions),andhencethedata,
direct procedure.Sometimesthey yield thesame doesnot supportthe existenceof suchsolutions,we
computationalprocedure,but often theydon’t. (For obtainjustification for the assumptionof (2). If (2)
example,comparethelinearizationmethodof Parker is appliedwhenglobally distinct solutionsexist, then
(1971), which neglectsthequadraticterm in a fre- an approximationto oneof themis all that is obtain-

quencyresponseversionof theLahiri andPrice(1939) ed.
equations,with thedirectmethodsexaminedby

Anderssen(1968), whereno termsareneglectedbe-
causetheLahiri andPrice(1939)equationsarelinear 2. Linearizationandabasic inversionstrategy
when theconductivity distribution is known.) Both
havetheir problems,but theformeris more invidious We start by examiningtheeffect of thelinearization
than the latterwhenit yieldsa formulationwhich of a problemformulation.For clarity, we examinea

doesnot reflectthe characterof thenon-linearformula- rathersimple problem,sincejustification for thecon-
tion from which it hasbeenderived(see Sabatier, clusionsreached(see (A) and(B) of theIntroduction)
1974,section4). in thebroadercontextof geophysicaldatainversion

Wheninverting data,it mustbeexplicitly assumed can befound in Sabatier(1974,section4).

that unlessthecontraryis established,givendata For the problemof determininga zero of a one-
supportglobally distinct (“G-far” in theBackusand dimensionalnon-linearequationf(x) = 0, thestandard
Gilbert (1970)terminology)solutions. linearizationprocedureis Newton’smethod:for a

The interpretationof what is meantby aglobally given starting solutionx0,evaluatethe iteration:
distinct solution is problemdependent.For example,

- ~, ,, . x~~1x~—f(x~)/f(x~), n =0,1,2,...
the definition of G-far solutionsof Backusand
Gilbert (1970)is qualitativeratherthanquantitative. The theorywhich underliesits use,just like theresults
For this reason,we shall regardtwo solutionsas being of BackusandGilbert (1970), for thelinearizationof
globally distinct,if ageophysicalexplanationof each geophysicalinverseproblems,assertsthat Newton’s
mustappealto basicallydifferent geophysical,physical, methodconverges,if:

chemicalandgeochemicalconcepts.For example,we (a)xc, is sufficiently closeto the requiredzero,and
should regardasglobally distinct two solutionswhich (b).1~x)is sufficiently well behavedin a neighbour-
areidentical exceptthat onehasalargesharpdiscontin- hood containingboth thestartingsolution andthe zero.

uity while the otherdoesnot. In the contextof free If either fails to hold, thenNewton’smethodwill
oscillation datainversion,AnderssenandCleary(1974) fail.
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To illustratewhat canhappenwheneither(a) or (b) TABLE I

fails, we considertwo examples. Newton sequences{xn;n = 0,1,..., 16} for the solution of

f~x)=x
4 —6x2 —11

Example 1. Considerthesituationwhere:
n xn xii

f(x)=x4 —6x2 —11
0 0.5 0.75 1.2500 2.000

and the startingsolutionxc, is given the values0.5, 1 —17.614 1.1725 —1.2451 4.3750
0.75, 1.25,2.0. The resultsare shownin Table I. 2 —29.468 1.1049 1.2338 3.5235

Sincethezerosoff(x) = Dare±(3+ 2J~)~’2,wecan 3 —22.127 —1.0360 —1.2092 3.0062
draw the following conclusions.Thereexist starting 4 —16.629 1.004 1.1617 2.77965 —12.518 —1.0 —1.0909 2.7351
solutionssuchthat Newtons methodoscillateswith- 6 9.4512 1.0 1.0267 2.7335
out converging,convergesto the zero which is not 7 —7.1739 —1.0 —1.0022 2.7335

the closestto thestartingsolution, andbehavesnor- 8 —5 4993 1.0 1.0 2.7335
mally. In themore generalframeworkof geophysical 9 —4.2943 —1.0 —1.0 2.7335

inversion,thefirst illustratesthat linearizationproce- 10 —3.4708 1;0 1.0 2.733511 —2.9784 —1.0 —1.0 2.7335
durescan oscillatewithout converging,while the 12 —2.7716 1.0 1.0 2.7335

secondshowsthat thereis no guaranteethat a lineari- 13 —2.7346 —1.0 —1.0 2.7335
zationprocedurewill convergeto theclosestsolution, 14 —2.7335 1.0 1.0 2.7~35

and that the convergencemaybe slowand via inter- 15 —2.7335 —1.0 —1.0 2.7335
mediate-solutionswhich areverypoor approxima- 16 —2.7335 1.0 1.0 2.7335

tions to any of thepossiblesolutions.

Example2. For the odd function: Parker(1971,p. 130),concludesthat the lack of con-

2 vergenceof his linearizationmethodfor theinversef(x)=xPexp(—x ), f(—x)=—-f(x), p>O . . - . -problem of electricalconductivttyis due eitherto the

which hasonly onezero atx = 0,it isnotdifficult to startingmodelalwaysbeing too far from thetrue struc-
establishthe following results: ture*, or no Earthmodel existswhich is compatible

(i) Forp > ~, Newton’smethodfails to converge,if with thedata”. He neitheracknowledgesnor rulesout
thestartingsolutionlies in eitherof the intervals thepossibility that the lack of convergenceis a conse-
(oo, [(2p — 1)/2]½)or [(12p— l)/2]½,00). quenceof the linearizationused.Even thoughthis

(ii) Forp~~,Newton’smethodfails to convergeno may not be thecase - (see,for example.Jady,1974b),
matterhow closeto the origin the startingsolution is it is a factwhich cannotbe ignored,asthe aboveex-
placed. amplesshow.

The first resultsshowsthat,evenfor reasonable Forthe simple caseof Newton~smethodtreated
looking startingsolutions(pointswell on the origin above,thevalidity of the linearizationfollows from
sideof themaximumandminimum off(x)), New- the validity of (a) and(b). Formore complexprob-
tons’smethodcan fail to converge.The secondshows lems,suchasarisein geophysicalinversion,the
that thereexist quite reasonableand simple functions validity of the linearizationmay fail to hold or will
for whichNewton’smethodfails,becausetheir behav- only hold underadditionalassumptions(see,for
jour in theneighbourhoodof a zero is pathological, example,Sabatier,1974,section4).
Foran exampleof a systemof equationsfor which Onthe basisof theabove,we can concludethat
the convergenceof Newton’smethoddoesnot hold, linearizationis only applicable,if an approximateso-
see Rall (1969,p. 190). lution is known which is sufficiently closeto a

Situationsof thenaturecited in thesetwo examples possiblesolution and if the resultinglinearization
haveoccurredin the applicationof the procedureof procedureis valid. Thus,thestageatwhich lineariza-
Backusand Gilbert (1967,1970)to geophysicaldata
inversion,butthe possibilitythat it is a consequence * Really a possiblestructure, since the data supports either

of linearizationhasbeenoverlooked.Forexample, no or infinitely many solutions,but not the true structure.
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lion is applicablein ageneralmodelling strategyis hasbeentacitly assumedthat either no globally dis-
whenthe local structureof the formulationis known; tinct solutionsexist,whichmay be a falseassump-
i.e., at the refinementmodelling stage. tion, or that thesolution generatedis only theone

However,we can only obtain the requiredlocal whichbestfits thedatafrom aparticular setof all
structureinformation in oneof two ways: the possibilities.

(1) Assumethatwe can determinethis local infor- (b) Proceedalongthe lines (i), (ii), (iii) and (iv)
mation from independentgeophysicalandgeochemi- laid downabove,dependingon thenumberof global-
cal results.Sincethe aim of geophysicaldatainver- ly distinct solutionsdiscoveredas a resultof theim-

sion (especially,GEMI-datainversion)is usually plementationof (a).
aimedat obtainingindependentinformationwhich This inversionstrategyrepresentsa basisfor assess-
can be usedto clarify what the independentgeo- ing proposedmethodsfor GEMI-datainversionand
physicalresultsare, this approachshould be avoided will be theoneusedin this paper.
becauseof its pdtential circularity.

(2) Determinewhetheror not thedatasupports

globally distinct solutions. 3.A surveyof GEMI-data inversion studies
Thus, in an inversion,theinitial aim mustbe the

determinationof whetheror not thedatasupport In the light of theproceedingdiscussion,we now
globally distinct solutions,for dependingon the classify thedifferent typesof GEMI-datainversion

answer,the inversionmustproceeddifferently. In studiesproposedsince 1955.
fact,we havethe following possibilities: Ourgeneralconclusionmustbethat nonehasade-

(i) If thereappearto beno solutions,thenthere quatelyexaminedtheextentof the underlyingnon-
is an inconsistencywithin thedatawhich mustbe uniquenessor madea systematicsearchfor globally
removed, distinctsolutions.In onewayor another,theyhavebeen

(ii) If thereappearto beno globally distinct solu- concernedwith modelrefinementratherthannon-uni-
tions, then amodel refinementprocedurecouldbe quenessmodelling.Nevertheless,non-uniquenesshas
applied,alongwith additional assumptionsto test beendiscussed.Anderssen(1968)hasshownthat
additionalhypothesesaboutthestructureof models. greatlydifferent modelscanfit thedataequally well.

(iii) If thereappearto be only two or threeglobally Banks(1969)derivedupperand lowerboundsfor his
distinctsolutions,then we know that thedatado exert “best-fitting” model,andshowedthat theywere cx-

astrongconstraininginfluence, andwe canseekinde- tremelybroad.Using syntheticdata,Anderssen
pendentgeophysicalevidenceor datato reduce,if possi- (1970a)hasshownthat thenon-uniquenessis an in-
ble,the numberof globally distinct solutionsto one. herentfeatureof theGEMI-datainversionproblem

(iv) If therearemanyglobally distinctsolutions, (dueto the inadequatenatureof experimentaldata)

thenwe know that the datado not constrainthe andnot solely a featureof inaccuratedata. In addi-
modelssufficiently strongly,andthereforeattention tion, thequantizednature(i.e., setsof solutionsof
hasto concentrateon improving theaccuracyand/or basicallydifferent structurefit thedatawith the

the determinationof newdatawhich impose new samedegreeof precision)of thenon-uniqueness
independentconstraintson models.In this case,it is wasestablishedin that paper.Finally, usinga lineariza-
also necessaryto checkwhetherthenatureof thedata tion of theGEMI equations,Parker(1971)confirmed
is suchthan only qualitativeinformation is resolv- Bank’s findings.
able. We classify theGEMI-datainversionstudiessince

We thereforeconcludethat thetwo stepsof a 1955 as:
Basic InversionStrategyfor theinversionof(geo- (1) Theelectromagneticfrequencyresponsemethod.
physcial)datamustbe: Severalapplicationsof this methodfor variationsat

(a) Test for theexistenceof globally distinct solu- discretefrequencieshavebeenmade,andreviewedre-
tions. If this is not donebeforea model refinement centlyby Price (1970).It wasnot until thework of
procedureis appliedor a specificsolution is deter- Banks (1969)that thefull potentialitiesof the method
mined asthemodel whichbest fits the data,then it wereimplemented.Linearizationof theGEMI equa-
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tionshasonly beenappliedfor this classof methods. m -

(2) Thedirect solutionof theLahiri andPrice mm ~ a)IK~’~lI, ~ =

equations.In suchmethods,the time-domainexternal K~~’11

and internal componentsof a magneticdisturbance
are used.By assuminga known structure(model) for subjectto theequalityconttraintsthat i~(conductivity)
theconductivity, the Lahiri and Price (1939)equa- satisfy theGEMI equations,whereWis someclassof
tionscanbetreatedasalinearparabolicpartialdifferen- smoothfunctions(e.g.,W=C(’~) [0,1] theclassof
tial equationandsolvedby standardnumericalmeth- functionsdefinedon the interval [0,1] with continu-

ods,suchasfinite differencemethods,to determine ous mth derivatives).Othernon-linearprogramming
theinternal field at thesurfaceof theEarthcorres- formulationsarepossible.
pondingto a givenexternal field and conductivity (6)MonteCarlo inversion.This methodis specifi-
model.The aim is to adjustthe conductivity model cally designedto searchfor globally distinct solutions
until the calculatedinternalfield at thesurfaceap- whichlie betweena priori non-uniquenessboundsde-
proximatesthe observedsuitablyclosely.Exceptfor fining the extent to which geophysicallyrealisticsolu-
theodd publication(see,for example,Price (1970) tionscanvary. A methodfor determiningsuchbounds
andAnderssen(1968))little usehasbeenmadeof for GEMI-datainversionhasbeendiscussedby Anderssen
this method. (1970b).Any oneof themethods(1), without lineari-

(3)Bailey’scausality method.This is an iterative zation,(2) or (5) can be usedto implementit along
methodwhich is basedon theuniquenesstheorem thelines discussedin Anderssenand Seneta(1971,
of Bailey (1970). 1972),and Anderssenet al. (1972).

(4) Weidelt’simplementationof theGelfand- The advantageof (6), from thepoint of view of
Levitan method.This is the integralequationmethod theinversionstrategyof section2, is that it exhibitsthe
which ariseswhentheGelfand-Levitanmethodfor quantizationpresentwithin the non-uniquesolutions
Schrödinger’sequationis appliedto theGEMI equa- which satisfy thedataandallowshypothesesabout
lions (Weidelt, 1972). thenumberof globally distinct solutionssupported

Since,as Bailey (1973)pointsout,both he and by thedatato be tested.It avoidsthe averagingin-
Weidelt havefound that their methodsdo not per- herentin the linearizedestimatesof the type derived

form aswell asmodellingmethodswhenappliedto by Parker(1971).
noisy andtruncateddata,thelast two methodsmust BecausetheGEMI equations(viz., theLahiri and
be regardedasunsatisfacoryat this point in time. Price(1939)equations)definea linearformulation
However,this doesnot rule them outaspotential for relatingthe internal to theexternal field at the
methodsof the future.The recentlypublishedwork surfaceof the Earthoncea modelfor conductivity
of Jady(1974a)givessomeindication of the poten- is specified,theredoesnot appearto be a strong case
tialities of suchmethods. for usinglinearizationmethodsof the typeproposed

The abovelist doesnotexhaustthemethods by Parker(1971)and Bailey (1973) for refinement
which could be applied.In particular,thereexisttwo modelling, sincebothneglecttermswhich it is not
methodswhichhavenot beenimplementedfor necessaryto neglect.It can be arguedthat lineariza-
GEMI data,butwhich could be,and thereforede- tion is onlyjustifiable whenthe natureof the mathe-
serve a mention.Theyare: matical formulation to be solved: (i) cannotbe re-

(5) Regularization.(See,for example,Lavrentiev formulatedasa linearproblemwithout neglecting
(1967).) In the implementationof this method,an terms; (ii) methodsfor its solution are notknown;
appropriatestabilizationconditionwould be usedto and/or(iii) thecomputingtime requiredto solve it
restrict theclassesof globally similar solutionsaround without the useof linearizationis prohibitive. None
the globallydistinct onesto subclassesof smooth of theseconditionsapply for therefinementmodel-
ones.For example,we could reformulatethedirect ling of GEMI data.
solution of theGEMI equationsasa non-linearpro- On the otherhand,a casecanbe arguedfor theuse
grammingproblem: for givenaj, i = 0, 1, 2 m, of linearizationmethodsto explorethequalitative
with am * 0: dependenceof conductivityasafunction of depth
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on the observedexternalandinternal fields at the sur- ture,Monte Carlo inversionis the mostnatural of the
faceof theEarth.However,becauseof thepitfalls abovemethodsto use.

associatedwith the useof linearization,the viability Further testing of theconstraint,imposedon con-
of linearizationin aparticularapplicationshould ductivity by different classesof data,could be based
first betestedwith syntheticdata,andonly usedto on the useof syntheticdata. This would leadto an
derive resultsfront real datawhen suchviability has extensionof our understandingof the following types
beenestablished, of questions:

The questionof whether(1) without linearization, (i) Can GEMI dataever be expectedto support
is preferableto (2), when used for model refinement, finer structurefor conductivity modelsthan purely

appearsto be open.It is clear that (1) hasthe poten- qualitativeresults?On the basisof presentresults,the
tEd to yield aprofile of ,<(x) to a greaterdepththan answerwould appearto be “no” ratherthan “yes”.

is obtainablefrom (2), whereas(2) hasthepotential, (n) What typesof GEMI data uiiposethegreatest
given appropriatequality D

51 data,to resolvemore constraintnit the type of conductivitystructure
detail of k(x) in theuppermantlethan (1). thoughtto existwithin the Earth?An analysisof syn-

thetic datacan yield answersto this question.Even
thoughgivendatamay supportglobally distinct
models,give!! globallydistinctmodelswill not neces-

4. The degreeof constraint of available GEMI data sarily supportglobally similardata.

Although all recentinversionstudieshaveconcluded
that availabledatais unableto constraina uniqueor 5. Recentprogressandthefuture

evenglobally similar structurefor global conductivity
models,this doesnot rule out thepossibility that avail- In the two yearssincetheFirst Workshop,little
able datacan supportcertainqualitativeconclusions, progresshasbeenmadewith the inversionof GEMI
In fact,all studieshavetendedto confirm that,global- data,except for the publicationof papersfrom Banks
ly, ~x) hasthe following qualitativestructure:(i) a (1972), Kuckes(1973)andJady(1974a,1974b).
regionof low conductivity in the surfacelayersof the BecauseRikitake(1973)reviewedBanks’ (1972)
Earth;(ii) a regionbelow the surfacelayerswherecon- paperat lengthat theFirst Workshop,we shall not
ductivity increasesrapidly with depth,that is, a con- discussit in detail but only pauseto note that,until
ductivity “discontinuity” below thesurfacelayers; dataof thetype foreshadowedby Banks(1972)is forth-
and(iii) a regionof increasingconductivitybelow the coming,the futureprogressmust bebasedon theanal-
“discontinuity”. That theavailabledatamay be able ysis of syntheticdataalongthe lines citedabove.
to constrainsharperqualitativeconclusionsthan this This at leastmay resolvesomeof thequestionscon-
seemsto havebeenoverlookedby all authors,except cerning theinterpretationof low phaseresponsedata.
for the possibility of Banks(1972)andJady(1974a). Kuckes(1973)showedthat,whengeomagneticdis-

For example,it would be of greatadvantagefor turbanceshavea lateral scaledistancewhichis some-
future conductivitymodelling, if theperiodsof the whatlargerthan thedepthto which it is necessaryto
disturbanceswhichcarry most information aboutthe probe,a systematictechniquefor locally analysing
position, sizeandshapeof theconductivity “disconti- dataandsubsequentlymaking conductivity mapsof
nuity” couldbe delineated.That this may be a viable the Earthcan be developed.This is anaspectof electro-
possibility hasbeenillustrated by Banks(1972)in magneticinductiondatainversionwhichhasnot been

his discussionof the interpretationof responseswith examinedin this review,but is onewhich hasconsider-
very small phase.It would be usefulfor theconduc- ableimportancefrom thepoint of view of thestudy
tivity modeller, if sharperrulesof thumbthanjust of lateral inhomogenitieswithin theEarth.
“the longertheperiod, thedeepertheconductivity In his paper,Jady(1974a)showshow single period-
structurecan be resolved”wereavailable, ic variationsalonecan be usedto constructuniform-

Fromthe point of view of testing for and confirm- ly conductingthick shellmodelswhich surrounda
ing that given datasupportscertainqualitativestruc- perfectlyconductingsphere.Thismodellingproce-
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