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A reviewof electromagneticinductioninamulti-layeredearthis built aroundadevelopmentof thegeneral
theoryfrom first principles.Inductionby transientandperiodicfieldsandby dipoleandelectrojetsourcesaredis-
cussedandthemethodofcompleximagesis briefly described.ThereviewconcludeswItji a discussionof induction
by elementaryharmonicsourceswhosenon-uniformityis characterisedby Price’sv-parameterandwhich include
theuniformsourcefield (v=O) asaspecialcase.Theconditionsunderwhichthesourcemay beassumeduniformfor
computingthesurfaceimpedanceandotherratiosof field componentsareexamined.

1. Introduction really separatesubjectsin their own right but all of
themdependultimately on the basicproblemof elec-

Theinductionproblemto be reviewedcanbesum- tromagneticinductionin the layeredearth,outlined
marisedasfollows. Let theearthbe representedby above.
anN-layeredconductinghalf spaceoccupyingthe Much of theearlywork in inductiontheoiywas
regionz> 0 in a right-handedCartesiancoordinate developedwith world-wideeffectsin mindso thatthe
system(x,y,z),andlet then-th(n=l,2,...,JV)layer earthwasrepresentedby a conductingsphereand the
z,~1<z <z,~(z0=0,zN=oo) of thicknessdn = Zn — field wasexpressedasa seriesof sphericalharmonics.
z~_1have a(non-vanishing)conductivity an.Given a This approachprecluded,~however,an examinationof
time-dependentmagneticsourcesituatedat aheight h thosestrictly local effectsfor which the field could
abovetheplanesurface(z= 0) oitheconductorand only be describedby manyharmonicsof highorder,
assumingthat the interveningregion—h<z < 0 is andfor which, therefore,theearthis besttreatedasa
free space,determinethe totalelectromagneticfield conductinghalfspacewitha planesurface.It wasnot
comprisingthe field of the currentsinducedin the until Price(1950)publishedwhathasbecomethe
conductorandthe field of the source. classicpaperin thefield thata generaltheoiy of

In practice,of course,thegeophysicistis usually electromagneticinductionin a conductorof this type
concernedwith the inverseproblemof havingto in- becameavailable.Althoughhe consideredonly anon-
fer thelayerconductivities,andoccasionallythe layeredhomogeneousconductor,his theorywas
sourcefield, from an analysisof magneticfield varia- otherwisebothcomprehensiveandgeneral,andpro-
tions,supplementedin somecasesby telluric mea- videdacompleteexplanationof all thephysicalpro-
surements,recordedat one or severallocalisedstations cessesinvolved.
on theearth’ssurface.The variousproceduresthat Price developedhisgeneraltheoryby considering
havebeendevisedfor doingthis, suchasthemagneto- the elementarysolutionsobtainedby separatingthe
telluric method,geomagneticdeepsoundingandthe variablesin thedifferential equationsatisfiedby the
electromagneticmethodusingan artificial source,are field vectors.Two distinct typesof solutionsemerged.

Thoseof the“first type” correspondedto current
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conductor.Suchcurrentsareeitherinducedby an time of electromagneticpropagationacrosstheregion
externalmagneticsourceor are freely decayingfrom of interestis negligible comparedwith thetime scaleof
someinitial distribution.The solutionsof the “second the field Variations.An alternativeprocedureis to de-
type” correspondedsolely to freely decayingcurrent velop anexact theoryand thento extracttheproper-
systemshavingno externalmagneticfield. In induc- ties of the inductionfield by making anear-fieldap-
lion problems,the systemsof freedecayare unim- proximationin theelectromagneticwave solutions.
portant(indeednon-existentif we assumethe initial This approach,however,is usuallymorecomplicated
distribution of currentsin theconductorto be zero), andsuffers thedisadvantagethat it concealsthemain
sothatonly solutionsof the first type are required. physical featuresof the inductionfield behindamore
Theseandthe otherprincipalfeaturesof Price’s the- elaboratemathematicalstructurethan is reallyneces-
ory havebeensummarisedby Rikitake (1966),and sary. Indeed,Price(1962)andBullard andParker
alsoby Price(1967)himselfin areview of electro- (1970)havecautionedagainstdrawingmisleadingcon-
magneticinductionwithin theearth. clusionsfrom thephysicalpicture of realelectromag-

In a sequelto Price’spaper,Gordon(1951b) pre- neticwavepropagation.Nevertheless,someauthors
sentedaratherdifferent approachto the.general preferthegreatergeneralityof the exacttheory,nota-
theory. He consideredinductionby bothmagnetic blyWard (1967)whohasdevelopedforgeophysical
andelectricsourcesandobtainedsolutionsby con- application,thefields of avariety of sourcesover a
structingan analogousprobleminheatconduction. multi-layeredearthusinga full-wave treatment.Al-
More recentlyWeaver(1971a)notedthat if thefield thoughwritten mainly from the radioscientists’point
were representedby magneticandelectricHertzvec- of view, thebooksby Brekhovskilth(1960)andWait
tors directednormally to thesurfaceof the conductor, (1970)alsocontainmuchpertinentinformation,anda
then thesolutionsassociatedwith thesevectorscor- usefulhandbooksummarisingmany of theimportant
respondedto Price’ssolutionsof thefirst andsecond formulashasbeencompiledby Kraichman(1970).
type, respectively.Thus,he was ableto reformulate Fournier(1966)haspublisheda comprehensivebibilo-
the theory of induction(asdistinctfrom thefree de- graphyof papersin electromagneticinductionwhich
cay of currents)quiteconciselyin termsofjust the havecontributedspecifically to thedevelopmentof
onescalarcomponentof themagneticHertzvector, themagnetotelluricmethods.
andobtainedgeneralsoltuionsfor the electromagnetic
field vectorsby relatingthemthroughsimple for-
mulasto the doubleFouriertransformin x andyof 2. Basicequations
themagneticHertzpotentialof the sourceevaluated
at the surfaceof theconductor. The mathematicalanalysiswill be developedin S.I.-

Themoregeneralproblemof electromagneticin- unitsandwe shall regardE, theelectricfield intensity,
ductionin amulti-layeredearthhasbeenconsidered andB, themagneticinduction,asthe fundamental
by severalauthors,at leastfor periodicsources.Price field vectors,henceforthreferringto themlooselyas
(1962), in a discussionof themagnetotelluricmethod, the electricandmagneticfields, respectively.It will be
indicatedtheextensionof his theoryto a two-layer assumedthat thepermeabilityhastheconstantfree-
earth,andthis wasfurtherextendedto theN-layer spacevalue~oeverywhere.Variationsin thepermeabil-
caseby Srivastava(1965).An eleganttreatmentof ity of theeartharejustnotimportantenoughto war-
inductionin amulti-layeredconductorhasalsobeen rantcarryingtheburdenof this extravariablein the
givenby Schmucker(1970),while Summersand analysis.
Weaver (1973)havegeneralisedWeaver’sversion of Electromagneticinductionis governedby theequa-

the theoryfor auniform earth. tions:
In all thereferencescitedsofar, displacement

currentswere neglectedat the outsetandtheinduc- V X E = 8B/ar (1)
lion theorywas derivedfrom thequasi-staticform of v X B = ~ aE (2)
Maxwell’s equations,the approximationbeingjusti- 0

fled by thefactthat in geophysicalapplicationsthe wherea is theconductivity of themedium,andthe
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displacementcurrenttermhasbeenneglectedin eq.2. (v/2—~u
0aa/at)4(r,z,t)= 0 (5)

Many authorspreferto useelectromagneticunitsfor
inductionproblems.Formallywe canconvertto this where‘I is a scalarfunctionwhich representseither
systemby simply replacingj~by 4ir andunderstand- Hertzpotential.In anon-conductoreq. 5 reducesto
ingB to representboth themagneticinductionand Laplace’sequation.
themagneticfield intensity. It will be seenby eq.3 that the r-field hasno

In thenon-conductingregion,eq.2 reducesto electricz-componentandby eq.4 that the fl-field
V X B = 0 whichimplies that themagneticfield can hasnomagneticz-component(in factno magnetic
be expressedas the gradientof a scalarpotential.The field at all in a non-conductor).Forthis reasontheir
sourceof suchafield is calleda quasi-staticmagnetic separatesolutionsaresometimescalledthetransverse
source.On the otherhanda quasi-staticelectricsource magneticandtransverseelectricmodes,respectively;
for which V X E = 0 (e.g., a slowlyperiodicelectric theycorrespondto Price’s(1950)solutionsof the
dipole) doesnotproperlybelongto thefirst-orderin- first andsecondkind. It is alsoclearfrom eq.3 that
duction theorydefinedby eq. 1 and2, for theyshow —H’ is the scalarpotentialof the field andfrom eq.4
that the lime-dependentmagneticfield associatedwith that —F’ is themagneticscalarpotential in a non-
suchasourceis necessarilyvanishingso that thereis conductor.
no agentfor inducingcurrentsin theconductingme- The inductionproblemis thereforeaquestionof
dium. Eq. 2 must bemodified to includesecond-order solvingeq.5 subjectto the boundaryconditions:
effectsin the non-conductingregionwhenelectric
sourcesarepresent.Gordon(1951b) hasshownhow cn‘~~(r,z~— 0,.t) = c~14~(r,Z~+0,t) (6)
this canbe donein the generaltheory for auniform ~‘(r,z —0,t) = 1”(r,z +0,t) (7)
earth.However,apartfrom thehorizontalelectric n n
dipole,whosequasi-staticfield abovea stratifiedcon- at eachinterfacez= z,~(n0,1,...,N—1),with ‘I’ re-
ductorhasbeenderivedelsewhere(Bannister,1966; presentingH whenc0 = 0, c,~= an (n=l,2,...,I~T),and
Mundry, 1967;Vanyan,1968),sourcesof electric I’ whenCn = 1 (n=0,1,...,JV).Thattheseare indeed
typehavealimited applicationin electromagnetic the correctrelationsfor the Hertzpotentialsis easily
soundingandwill not beconsideredfurtherin this verified by applyingtheusualboundaryconditions
paper. onEandB asdefmedin eq.3 and4.

By introducingelectricandmagneticHertzvectors,
H(r,z,t) andF(r,z,t)~respectively,wherer = x~+

yj and , ~,~ denoteunitvectorsalongthe coordinate 3. Solution of the induction equation
axes,we canexpressthe field vectorsin the form
(Weaver,l971a): With theunderstandingthat00 = 0, it is conve-

nient to regardthe region—h<z <0 abovethecon-
E = V [fl’(r,z,t)] — ~ [p0afl(r,z,t)~ ductoraslayer0. Applying theLaplacetransform:

+V~X{I’(r,z,t)~}](3) —

1’(r,z,s) J’ c1(r,z,t)e_stdt (8)

B = V [I”(r,z,t)] — ~ {~F(r,z,t)~ 0

to eq.5 for thepotentialin then-th layerwe obtain:
—VX {H(r,z,t)zJ~(4) —

(V
2—poans)~(r,z,s)= 0 (9)

(A prime on thefunctionsymooldenotesdifferen- wherewe haveassumedthatc1(r,z,O)= 0 insidethe
tiationwithrespectto z.)Eq. 1 and2 are thenauto- conductor.Thisassumptionis permissiblebecausea
maticallysatisfiedprovidedthat theHertzpotentials non-vanishinginitial valueof ‘I’ leadsonly tp anad-
H andF bothsatisfy the induction(diffusion)equa- ditional termin the solutionwhosetime-dependence
tion: is anexponentialdecayfactor. In otherwords,electric
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currentswhich arealreadyflowing in theconductorat dependenceon thevariables(A0,A1,...,XN).Thenthe
t = 0, deàayin time alongwith their associatedelec- solutionsfor thetransformsof theseparateelectric
tromagneticfield quite independentlyof anyex- andmagneticHertzpotentials,denotedby F andG,
temalinducing field andare thereforeunimportant respectively,are(a) in theregion —h<z <0:
whenconsideringinductionby anoverheadsource.
Thesesolutionshavebeendiscussedin moremathe- ~ ~ +F

5(p,—z,s) (16)
maticaldetail for auniform earthby Price (1950). ~(pzs) = ~~(p,z,s) — ~~(p,—z,s)+ ~

0(p,z,s) (17)
His “freemodesof decayof the first type” corre-
spondto thedecaypartof the solutionfor I’ while and(b) in eachlayerz~_1<z <Zn (n1,2,...,N):
thoseof the “secondtype” correspondto thefield P(’~p,z,s)= 0, ~(p,z,s) = ~~(p,z,s) (18)
associatedwith II (Weaver,1971a).

If a dpubleFourier transformwith respecttor, de- whereforn = 0, 1, ..., N:
notedin formalnotationby:

~n(P,Z,5) =g~(p,z,s)~8(p,0,s) (19)
with:

P(p,z,s)= ~ f~(r,z,s)e~dr (10) g0(p,z,s)= Q0(~)ePz (20)

N-i
withp = ~ + ~t, is now appliedto eq.9 we obtain
the differential equation: g~(p,z,s)= exp [AN(zN_i—z)] ~T (21)

k=0
P”(p,z,s)= A~F(p,z,s) (ii) andfor n = 1, 2, ..., N—i:
where:

r n—i

Xn = (p2+p00~g)ij (12) ~‘n(P,Z,5)= 1~~IQ~(~)

Subjectto the boundaryconditions,eq.6 and7, and [~=o I

tcrthevanishingof thefield asz-‘~°°intheN-th
layer,the solutionof eq. 11 canbe.expressedin Q(A) sinh[A~(z—z~1)]+ SinhEAn(znz)] (22)
termsof the transformedfield of the sourcedenoted
by ~. Theanalysisis formally the sameas thatgiven sinhX~d~
for periodicsourcesby SummersandWeaver(1973)
with the angularfrequencyreplacedby —is, and we Note that thefunctiong~(p,z,s)depends,through
shallquotetheir resultsdirectly. thevariablesA,~,only on thescalarp. and also that

Writing: since~~(p,z,s)representsatransformedpotentialof

a sourcelocatedat z= —h, F
5(p,—z,s) is thepoten-

= A,~cosechA,~dn, V,~= Xi,, cotgh~ tial of an identicalbutfictitious sourceat z= +h, i.e.,
andnoting that A~ p by definition 12,we defme: the imageof therealsourcereflectedin thesurfaceof

2A
0 theconductor.

(13) Eq. 16, 17 and 18 canbe Fourier-Laplacein-
= Ala + Vi — u1Q1()~) verted,immediatelyto give thesolutionsfor H andF

UN_i directly in termsof the Hertzpotentialsof thesource
QN—i(~)= VN..1 + AN ~4) andits image andthefunction:

andforn = 1,2, ...,N—2: t

____________________ F~(r,z,t)=—~—ffgn(p,z,r)
= v,~+ — U~+1Q~+1().) (15) 2ir 0

where thevectorargument).. indicatesa functional G
5(p,0, t—r) e~P~tdrdl’ (23)
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whichis theresultof invertingeq.19 andusingthe field, which is governedsolely by theelectricHertz
convolutiontheoremfor Laplacetransforms.Since potential,isunimportantin the theoryof induction
thesourcefield is assumedto be given,andsincethe for horizontallystratifiedconductors.It vanishes
functiong~is determinedthrougheq.20, 21 and22 completelyinsidetheconductorshowingthat all
by theknownconductivitydistribution of theconduc- currentflow is parallelto thesurface.(Verticalcur-
tor, thiseffectively completesthesolutionof the in- rentscanarisein the freemodesof decayof the
ductionproblemposedin section1. Themain ob- secondtype(Price, 1950)butthen,of course,H has
stacleto extractingactualsolutionsto a givenprob- a non-vanishingsolutionsinceits initial valuecanno
lem liesin fmdingthecorrectexpressionforg~by longerbe discarded.)If averticalcomponentof elec-
taking the inverseLaplacetransformOf En, itself a tric field is presentin the regionof free-spaceabove
very complicatedfunction.Fortunately,this difficulty theconductorit arisesmerelyfrom thetype of source
largely disappearsin thecaseof periodicsourcesto presenttogetherwith thesurfacechargeit induceson
be discussedlater. thesurfaceof the conductor.Vertical currentsmust

flow insidethe conductos~in order to maintain this
varyingchargedistributio~sbut their magnitudesare

4. Theelectromagneticfield of theorder of displaeem~ntcurrentsandtheir ne-
glect is thereforequite consistentwith thehypotheses

It is convenientto considerseparatelythecorn- of inductiontheory (Price,1950, 1962).
ponentsof the field parallelto andnormalto.the
surfaceof theconductorby writing:

E= E11 +~ B = B11 +B~l (24) 5.Two- andone-layerearthmodels

LetE
5, BS denotethefield vectorsof thesourceand In practicethe recursionrelation15 definingthe

E0,B°thoseof the image.Bearingin mind that a dif- factorsQ,~for amulti-layeredearthmustbe solved
ferentiationinz of the imagepotentialsintroducesa numericallyfor eachproblemwith its own set of
changein sign we deducefromeq.3 and4 andthe data.Whenthereare only two layers,however,simple
invertedforms of eq. 16, 17 and 18 that (a) in the algebraicexpressionsfor thefactorsQ

0 and Q1 (the
region —h<z <0: only oneswhich existwhenN= 2), viz.:

Eli =E~—E~— V X [laF0(r,z,t)/at] — 2p(A1+A2 tghA1d1)
~25~ Qo~~)— (29)

E~=E~+ ‘ / A~(p+A~)+ (X~+pX2) tghAidi
2A1 e~”

B~i =B~+ B~+ V~~[F~(r,z,t)] Q1(~,.)= (30)
B B

5 —B0+F”~r ~ (26) A
1 +A~+(A1_X2)e_

2Xidi
~ ~ ~ 0’. ,z, ) are obtainedby puttingN 2 andz

1 d1, in eq. 14

and(b)in the layerz~1<z <Zn (n=l,2,...,N): and substitutingin eq. 13. Theseresultsare worth re-

E — V x ~ “ “a cordingbecausein manyapplications(seawater—— — LZ ~lf,Z,t)( tJ ~27~ seabed,crust—mantle,etc.)a two-layeredmodelof

E2 = 0 ‘ / the earthsuffices.
Thecorrespondingexpressionsfor a homogeneous

= Vii [F,~(r,Z,t)] (one-layer)earthcanbe foundby puttingA1 = A2 = A

— V
2 Fr’ ‘ (28) ineq. 29 and30.They are:L1Z ILI~’.r,Z, ~

Theentireelectromagneticfield hasnow beenex- Q
0~.)= 2p/(p+A), Q1(A)= ~ (31)

pressedin termsof the sourceand imagefields and
themagneticHertz potentialdefmedin eq.23. No andtheir substitutionin eq.20, 21 and22 (with n = 1
referenceto theelectricHertzpotential is required. andN = 2)gives:
Thisis becausetheverticalcomponentof theelectric
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g
0(p,z,s)e_(P1~~)z= g1(p,z,s)= g2(p,z,s) (32) which representsan aperiodicsourcethat instantan-

eouslyproducesanexternal,static magneticfield.
where: This type of sourceisusedin transientelectromag-
g1(p,z,s)=2p e~/(p+A) (33) netic soundingof the earth(Keller andFrischknecht,

1966;Vanyan,1967;Keller, 1971).After thesub-

Recallingthedependenceof A on s in eq. 12,wecan stitutionw = 0 in eq.37 it is a formidableproblem
invert theLaplacetransform(eq. 33) by makinga toproceedany furtheranalyticallyunlesstheearthis
simplechangeof variablein a tabulatedresult assumedto behomogeneous.In that caseg1 isgiven
(Erdélyi, 1954),to obtain: by eq.34 which,despiteits complicatedform,canbe

g1(pz t)
2~r ~ ((~)2 +(I~)2) integratedto give:—I—exp — —
Po°Lvf f g

1(p,z,r)dr = x(~p/13,z13) (39)

t
—pePZ erfc(~+~~}] (34) where:

where13 = ~(p0a/t), andit follows immediatelyfrom ~~(u,u)= ~e’
4°erfc(u—tv)+ et’°(~+uv+2u2)

eq.32 that:

g
0(p,z,t) = g1(p,0,t) ePz (35) erfc(u ~ v) — (2u/V’~)exp(—u

2—u2) (40)

It alsofollows from eq.32,33 and 12 that:

6. Transientandperiodic inducingfields ~
0(p,Z,0)= ePZ, ~1(p,z,0)= ePZ (41)

Theassumptionthat initially thereareno current Nowthe transformedsourcepotentiald~satisfies
systemsinsidethe conductorimpliesthat thesource eq.11 (with A0 p) andvanishesasz-÷°°,sothat its
tooisnonexistentprior to t = 0. Otherwiseit would inverseLaplacetransformhasthe solution:
havealreadyinduceda currentflow therebycontra- G

5(p,z,t)= Gs(p,0,t)ePz (42)
dictingthe assumedinitial conditions.Let us suppose,
therefore,that aperiodic inducingsourceof angular Henceeq.37with ~ = 0 andn = 1 becomes:
frequencyco is suddenlycreatedat theinstantt = 0,
i.e.: F

1(r,z,t)= r
5(r,z,o) — ~.—f x(p/J3,z(3)

F5(r,z,t)= H(t) ~ F5(r,z,0) (36) G5(p,O,O)e “° - T dp (43)

whereH(t) is the Heavisidefunctionwith thevalue I This givesthetransientfield insidetheconductorfor
for t >0 and0 for r < 0. Substitutingeq.36 in eq. t> 0. Likewise, by substitutingthe formulas35 and
23 andrearrangingthe timeintegralby applyingthe 41 in eq.37 with w = 0 andn = 0, andusingeq.42
definition of the Laplacetransformin eq.8, we ob- againwith z replacedby —z we find that:
tam:

ro(r,Z,t)~’F5(r,_Z,0)_~f~/13,0)
~Jwt

I’~(r,z,t)= ~— J G5(p,0,0) e1P.t[E~(p,z,ic~.~)
2ir

G5(P0,0) exp (pz—ip~r)dp (44)

— I gn(p,z,r)dr]dp(37) Whenthis resultis substitutedin eq.25 and 26 to getthe transientelectromagneticfield in the regiont —h<z <0, the imagepotential in eq.44 leadsto

Twoimportanttypesof time-dependencecanbe termswhich exactlycanceltheotherimagetermsin
extractedfrom eq.36.Thefirst is obtainedby taking thefield expressions.The resultsin eq.43 and44 are

= 0, whence: specialforms,correspondingtounit-relativeper-
meability, of generalsolutionsderivedby Weaver

F5(r,z,t)= H(r)I’5(r,z,0). (38) (1971a)for inductionin a uniformly magneticand
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conductinghalf-spaceby the aperiodicsourcedefined culationsbasedon the imageformulaswith thoseob-
by eq.38. tamedfrom theexactsolutionsfor avariety of

The otherimportantexampleincludedin eq.36 sources.
is its asymptoticform ast -*00 which givesthe simple A formalanalyticaljustificationof applyingthe
harmonicsource: techniquetoverticalmagnetic-dipoleandhorizontal-

~ —. k~tf’S( Ø\ (45~ line currentsourceswasprovidedby Wait (1969)and~r,z, , e ~,T,Z, ~ ‘ / Wait andSpies(1969), respectively.ThCir analysesin-

In thecorrespondingasymptoticrepresentationof dicatedthat the approximationwasvalid to th~extent
eq. 37 the transientpartof the solution diesout that third-orderspatial derivativesof the imagefield
leavingthesteady-stateperiodicfield: werenegligible,i.e., at distancessomewhatgreater

than6 from the ordinary(real)imageof the squrce.
eh~)t . Weaver(1971b)extendedthe theory to apply to an

F~(r,z,t)—~—~--—f G~(p,0,O)En(P~Z’~t.i~)e’P~’dp arbitrarymagneticsourceandshowedthat theap-
(46) proximate forms of eq. 25 and 26 for thefield vec-

tors in—h <z <0 were:
Hereg~(p,z,iw)is definedby eq.20,21 and22 in
which, accordingtoeq. 12, thevariablesAn arere-
placedby: E11 ~E?i —E~+ (E~_E)dzj (50)

(47) —

where: B11 r~B~+Bj~ and B~~ —B (51)

a = (koji a )1/2 = (1+0/6 (48) whereE* and B* are the imagefields obtainedby re-0 n n placingz by ~ — z in the correspondingexpressions

&,~denotingthe skindepthof then-th layer. for thesource.The exactformulaforE5 in eq. 25 re-
mains,of course,unchanged.Eq. 50 and51 represent
aconsiderablesimplificationof theexactsolu.tions,

7. Thecompleximage containingclosedintegrals.Only eq.50 offersany
complication,but if E~= 0, even it reduces to a very

Even thoughthegeneralsolutionfor aperiodic simpleform.
field hasbeenexpressedby eq.46 in a relatively The techniqueappliesalso to anN-layerearth.It
simple form, it still involvesaclosedFourierintegral canbe shownthat theappropriateexpressionfor ~. in
which has to be evaluatednumericallyfor each thiscaseis:
specificproblem.However,whenonly thefield in Q1~(y) (l—i)61 sinha1d1
the region —h<z<0is required,andthis is invariably = him = (52)
the case in geophysical applications, it is often possible to ,~o p cosha1d1 — Q1(u)
make a simple approximation which effectively wherethevectorargumentsy and~now comprise
eliminatesthe integrals.Theideaseemsto haveori- the (N+l) variables

7n anda~(n= 0,1,...,N), respec-
ginatedwith the intuitive observationof Ball et al. lively, definedin eq.47 and48, and that a sufficient
(1966)that if the imageof a quasi-staticsourceat conditionfor theapproximateformulas50 and51 to
heighth abovea homogeneousearthis imaginedto holdfor a sourceat r = 0,z = —h, is:
be locatedat thecomplexdepthh + ~, where: [r2+(h+z)2]1 ~ . li-P (53)

= 6(1—i) (49) A formalproofof theseresultswill bepublishedelse-

and6 is theskindepthdefmedin eq.48, then the where.
combinedfield of sourceandimagegives a goodap- WhenN 2, Q~is given by eq. 30 so thai eq. 52
proximationto the total field on andabovetheearth’s reducesto:
surface.Bannister(l968a, 1969,1970) demonstrated
thegeneralvalidity of thisconceptby comparingcal-
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1 + K e2aidi be immediatelyintegratedwith respectto its angular
= (l—:)6~1 — ic e2alLhl (54) variableby Bessel’sintegralof orderzero.HenceFn

becomesa function of r ratherthanr, asimphifica-
whereit = [1—(a2/a1)~]/[1+(a2/al)~],a resultob- don resultingfrom thecylindrical symmetryof the
tamedby ThomsonandWeaver(1970)andapplied configuration.The periodicandtransientfields of a
by themto the field of averticalmagneticdipole verticaldipole over ahomogeneousearthhavebeen
over a two-layerearth. The simpleformula49 which analysedby Gordon(195ha) andBhattacharyya
wasthe one originally proposedfor ahomogeneous (1959a,b;1963),respectively,anda unified treat-
earthcanbe recoveredfrom eq.54 by putting mentof bothtypesof field hasbeendevelopedin
Cl = 02 = a. greatdetail by Meyer (1962).Numerousinvestiga-

tionsof the periodicfield of avertical dipole over a
two-layerearthhavebeenmade(Wait, 1951, 1955,

8. Dipolesources 1958a;Bhattacharyya,1955;SchhichterandKnopoff,
1959;Quon,1963;Frischknecht,1967;Patra, 1970;

Current loops arewidely usedas artificial sources WeaverandThomson,1970),but themoredifficult
for electromagneticsoundingof the earth. If the loop analysis of the transient fields has received less at-
is small it may, of course, be regarded as a magnetic tention. Lowndes (1957) has obtained approximate
dipole whosemomentM(t) is directednormally to solutionsfora verticaldipole with both step-like and
theplaneof the loop, andfor this reasoninduction impulsive timevariationsrestingon the surfaceof an
by a magneticdipole hasbeenthe sul~ectof numer- earthin which theconductivitiesof the two layers
ousinvestigationsin thegeophysicalliterature.The arenearlyequal;thesolutionsfor anelevatedvertical
book by Baiios(1966)presentsanexhaustiveanal- dipole with an impulsive timevariationhavebeen
ysis of dipole radiationfields in thepresenceof a estimatedasymptoticallyfor smallt by Wait (1972);
uniform conductinghalf-space,andthe articleby andMorrison et al. (1969)havecomputedthe re-
Ward (1967)containsageneraltreatmentfor geo- sponseof two- andthree-layerearthmodelsto a
physicistsof dipole fields overalayeredearth. horizontalloop(verticaldipole)excitedby half-sine

Thequasi-staticelectromagneticfield of amag- wavepulsesof current.Theverticaldipole over a
netic dipole locatedat r = 0, z= —h is well knownto stratifiedearthof more thantwo layershasbeenex-
be: aminedby Kozuhin(1960), Bannister(1966)andRyu

et al. (1970);andWait(1962a)hasanalysedthere-
= R X M’(t)/4irR3 (55) sponseof a continuouslystratifiedearth,which is
= — V[R~M(t)/4iiR3] (56) equivalentto lettingN -+00 andall dn -~0 in the

layeredmodel.
whereR = r + (h+z~is thepositionvectorfrom the If the dipole is orientedhorizontally with its mo-
dipole. Following theremarksmadein section2 we mentparallelto theearth’ssurfacewe canput
canidentify the function—Fe’ at onceasthe mag- - M(t) = 0 in eq. 57 andsimplify eq.23 againby
neticscàlarpotentialin eq.56. Henceby integration usingBessel’sintegralof orderone.In this case,how-
andFouriertransformation(Weaver,1971a): ever,thereis no cylindrical symmetry.The fields of a

2 horizontaldipole havebeencalculatedby Wait
G5(p,0,t) =(:p+pz) . M(t)/4irp (57) (1953a,1956) for the dipole on auniform earth,and
Eq. 55 and56, andeq. 58 substituted in eq. 23, to- by Wait (1958a), Quon (1963) andFrischknecht
getherdefinethe totalelectromagneticfield in all (1967)for the dipole aboveatwo-layerearth.
regionsaccordingto thegeneralsolutions25,26, 27
and284

The thoment of a vertical dipole aligned in the z- 9.Electrojetsources
directionsatisfiesp~M(t) = 0. ThismakesG5 in eq.
57 dependentonly on the scalarp sothat the double Non-uniformsourcescanalsoarisenaturally in the
Fourierintegral23 expressedin polarcoordinatescan form of the auroralandequatorialelectrojetswhich
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arerepresentedsimply by aline currentI(t)j~flow- Since V~B5 = 0,A mustsatisfy:
ing alongthe line x = 0,z= —h. In thiscasewe have (v2÷p2)A(rp)= 0 (63)
E

2 =Oand:

ES—E
0= p

0I’(t)j~ x
2 +(h+z)2 We canfind r5 in theusualmannerby integratingthelog (58) magneticscalarpotentialof eq.61 with respecttoz.

+ (h—z)2 Then, by Fourier transformation,we obtain:

p
01(t) G

5(p,0,0)= L(p,v)/v2 (64)x
B5 Varctg— (59)

4ir h + Z where L is the Fourier transformof A, which accord-

IntegrationandFouriertransformationof themag- ing toeq.63 satisfies:
netic scalarpotential in eq.59 (Weaver,197la) ~2—v2)~(p,v)= 0 (65)
showsthat:
G5(p,0,t)= —ip

0J(t)~
6(n)/~I~I (60) Interpretedasa generahisedfunction(Jones,1966),

the solutionof eq. 65is~
Eq. 58,59 and60 determinethe total field every- L(p,~)—AI~,p)6(~+~/v2—~2)
wherewith theDirac generalisedfunction6Ø~)in eq.
60 effectively reducingthe doubleFourierintegral + ~(~,v)&(~—~J’v2—~2)(66)
(eq. 23) to a single integralin ~.

Price(1950)consideredthis sourceasanillustra- for IEI <v, andL(p,v) = 0 for ~I> v.Whenthissolu-
tion of the applicationof his~generaltheoryfor a lion is Fourier-invertedit reducestoa singleintegral
uniform earthto a specificexamplç.Law andFannin becauseof the deltafunctions.Substituting~= —v
(1961)approachedthesameproblemusingradiation cos i~’andwritingv= vcos ~i + v sin ~ij) we canex~
fields althoughtheirfinal computationswere for low- pressthefinal solutionas:
frequencyfields of geophysicalinterest.Dosso( 1966)
presentedfurthercalculationsbasedon their analysis.
Theline currentabovea stratifiedearthhasbeen A(r,v) = f C(v) e’~” dJ’ (67)
treatedby severalauthors(Wait, 1 953b, 1 958b, 1970; _~

Ward, 1967;Bannister,1968b;GuldbergandBrock-
Nannestad,1970). = PSin i,Li [A (—v cos L’,v) 0 ~ fr

The analysisof this problemhasalsoarisenin the whereC(v) 2v Ic (—vcos ~1’,v)—ir < ~,~ 0
applicationof themagnetotelluricmethodin equa- By insertingeq.64 and66 into eq.46 andsimphi-
torial andauroralzones(HermanceandGarland, fying the integralto theform of eq.67 we obtain:
1968;HermanceandPeltier, 1970).Fora morere-
alistic representationof anelectrojet,Peltierand F~(r,z,t)= ir2E~(v,z,it..,)A(r,v)e’(~~t (68)
Hermance(1971)consideredaGaussiandistribution Hence,by eq.25 and26 the total field in theregion
of line currents,andcomputedthecorresponding —h<z <0 is:
magnetotelluriccurvesfor athree-layerearth.

E = iwir2 e’(~~t[2 sinhvz—Eo(v,z,k~.,)]
VX [~A(r,v)](69)

10.Elementaryharmonicsources
B

11 = ~ e”” [2 coshvz—g0(v,z,ic~,]

Considerthenon-uniformperiodicsourcewhose
magneticfield is of theform: V0 [A(r,v)] (70)

B~= — V [v
1A(r,v) exp(it~t—vz)] (61) B

5 = _e~(Jt[2 sinhvz—1o(v,z,io.~)]A(r,v) (71)
The relation gj = v~0,an immediateconsequenceof

where v>0. Its electric field isgiven byE5 = 0 and: eq.20,hasbeenusedin eq.70 and71. Likewise, by

Es = — (iw/v
2) exp(ic~t— vz) V X [27~(r,v)J (62) eq. 27 and28 the field in then-th layerZn_i <Z <Znis:
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E = —k~.,v2~ E~(v,z,i,.,)V X [~A(r,v)] (72) by eq.72 and73. Frome4.21 and22 it follows that:

Bit = p2 e~~tg,~(v,z,iw)Vii [A(r,p)] (73) ONZN(z)= 1 (78)

B
5 = ~ En(~,ko)M:r,v) (74) andfor n = 1, 2, ..., N—i:

OnZn(2~)=the lastresultfollowing from eq.63.Expressionsfor

are givenby eq.20, 21 and22 with the sinh[O~(z~—z)] + Qn(
0)sinh [On(Z_zn_i)l (79)

variablesA~,(n0,1,...,N),now replacedby: cosh [O~(z~—z)]— Qn(O) cosh [On(z_zn_i)]

= (v2+a2)~ (75) At thesurfacethe impedanceis givenby:

where an is defmed in eq. 48. It is clear thatE~ = 0 sinhO
1d1

andR~B = 0 everywhere.The orthogonalityof the Z1(0)=01[coshO1d1—Q1(O)] (80)
electricandmagneticfields is apropertyof thepar-
ticular inducingsourcein eq.61. It doesnotholdin If the earthis uniform, Q1 is givenby eq.31, and
general(e.g.,for the dipole field of section8) but eq.80 reducesto:
may be truefor certainothersourcessuchasthe Z(0) = 1/0 (81)
line currentconsideredin section9. Wait (1954)and
Price(1962)haveemphasizedthis fact,pointingout Surfaceimpedanceis thefundamentalmeasurement
thatanon~orthogonalityof horizontalelectricand in themagnetotelluricmethod.Fora givenearth
magnetic fields doesnotnecessarilyimply anani- model, the surface impedance can be calculatedfrom
sotropicconductivityof theearth. eq.80 by therecursionrelations14 and15. How-

Price(1950, 1962) developedhisgeneraltheory~in ever,if they aresubstitulediiteq..80.directly,..some
termsof theelementarysolutionsderivedabove,with algebraicrearrangementyieldsarecursionrelation
A(r,v) denotedby vA(v)F(x,y,v) inhis (1962)nota- (whichstartswith eq.78) for the impedanceitself:
tion. Schniucker (1970) on the other hand, based his tgh(o~d~)+ OnZn+i~lZn

discussionon the solutionscorrespondingto: OnZn(Zn_i)= 1 + °n tgh(O~d~)Z~+1(Z~) (82)

A(r,v) = s~4o(v)e”~ (76) a result which has been obtained by Wait (l953c,

which is a specialcaseof eq.67 obtainedby writing 1962b),TikhonovandShalthsuvarov (1956), and
= v cos il,02 + v sin il’ijy andchoosingC(v) = Schmuéker(1970). An alternativeway of writing eq.

vAo(v)6(il’ — il’o)~The parameterv is seenby eq.67 79 is:
or eq.76 to be ameasureof the reciprocalof the
horizontal“wavelength”of thesourcefield. It eonZ +D~e°n5

characterises,therefore,thenon-uniformity of the ~ Zn(Z)•= e~°n5— Dne°~ (83)
source.Price(196.2)estimatedthatfor geophysical
applicationsinvolving sourcesof naturalorigin its whereDN = 0, andfor n = 1, 2, ..., N—i:
valueswould lie in the range 1.57~10~m~to
1.57 - iO~m~.As v-÷0 the wavelengthbecomes Q~(0)e°7~~1— e°”~”
infinite, the dependenceof A on r disappears,and = e

0’~”— Q,~(O) e°”~’~ (84)
themagneticfield of the sourcebecomesuniform.
Uniform sourcesare discussedin sectionii. Srivastava(1965)expressedeq.83 in the form:

Elementarysolutionsareparticularlyuseful for
discussingtheratiosof field components.The im- OnZn(Z)= —ctgh(O~Z—~logD~) (85)
pedanceat the depthz in then-th layeris defmedas andusing thecontinuityof impedanceat eachinter-
iwp

0Z~(z)where: facez= z,~he obtainedthe recursionrelation:

E E, — g,~(v,z,icA,) OnZn(Zni)=
(77)= — — — g~(v,z,k..,) —cotgh[arcotgh{~nZn+i(Zn)}~nZn](86)
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whichcanbeusedinsteadof eq. 82 to generatethe Sn(z)=
surfaceimpedancefrom eq.78. It is similar in form Q (9) sinh[0 (z—z ~)]+ sinh [0 (z —z)]
to therecursionrelationderivedearlierby theRus- sinhO d ~ (92)
sianworkersandquotedby Berdichevsky(1960), n n
andMiecznik(1966).By eq.83 the surfaceimpe- Tn(Z)=

dancecanalsobewritten as: Q(O) cosh[On(ZZn_i)] — coshEOn(Zn_Z)]

Z1(0)= 1 (87) Q~(O)— coshOndn (93)
‘( i) Theseresultswere obtainedby Schmucker(1970)in a

with D1 obtainedfromDN= 0 by therecursionre- slightly differentform. NotethatSn(Zn)= Qn(
0).

lation forn = 1, 2, ..., N—1: This gives thephysicalinterpretationof Qn

~ ~_ _~ ®+ (n=i,2,...,N—l)asthe ratio of theelectricor vertical

D — (l)+D~+i e ~ — 8_ e ‘88’ magneticcomponentsat thebottom of then-th layern — 8 e~”°— 8 D e~”0’ “ / to thoseat the top of the layer.Becauseof thecon-
+ — n+1 tinuity of thefield componentsateachinterface,the

where8~= (On+1±On),which is readilyverified from field at any depthcanberelatedto its surfacevalue

eq.15 and84. This formula wasderivedby Hutton throughsuchidentitiesas:
(1972) althoughsheactuallyexpressedit in termsof ir —

theparameter1/D~. Bz,tBz]z=o—S~(z~~_i(z~_i)....Si(zi) (94)
The recursionrelations82, 86 and88 and all In theunboundedN-th layerall the field components

others(e.g.,NabetaniandRankin,1969) giving the undergothesameexponentialattenuationin eq. 91,
surfaceimpedanceon alayeredearthare essentially commonlycalledthe skineffect. In the layersof
equivalent.Theyhavebeenusedby manyof the fmite thickness,however,theskin effectdoesnot
citedauthorsto computemagnetotelluriccurvesfor applyandwhileE~,E~andB

5 stifi attenuateto-
non-uniformsources.TheratiosBZ/BX andBZ/BY gether, thebehaviorofB~andB~,, is markedlydif-
usedin geomagneticdeepsoundingcanalsobe ob- ferent.
tamedfromZ~(z)by multiplying it by the factors Finally it shouldbepointedoutthatall thepre-
iWEX/BZ and_ltAEy/Bz,respectively.It is clearfrom cedingformulasinvolving the ratiosof field corn-
eq. 72 and74 that theselatterratiosdependonly on ponentsarestrictly true only for thespecialtype of
the sourcefield. Theyare independentofg~and inducingfield assumedin eq.61.Whenthe general
henceof theconductivity distribution. periodicsolutionsdefinedby eq.46 areconsidered,

Theotherratiosof interest,which describethe the commonfactorswhich previouslycancelledfrom
attenuationof the field componentswithin then-th numeratoranddenominatorin thefield ratiosmust
layer,are: now be retainedsincethey appearas partof theinte-

E~ E B5 grandsin aratio of Fourierintegrals.Clearly the con-
S~(z)= FE 1 = FE = FB 1 dition for the simple ratio formulasto beap~roxi-

X ~n—1 L YJZn_1 L 5 JZn_1 matelytrue in the generalcaseis that the sourcefunc-

g (v,z,ko) lion G
5 mustlimit thevaluesof ~which contribute

= ~ ~ .~ (89) significantly to the integralstoa smallbandwidth
in’..’ n—i’ / aboutsomevaluev. Therelevantratio maythenbe

B B ~‘ (v,z,ic,~) regardedashavingtheconstantvaluecorresponding
T~(z) = r = r 1’ = , . (90) top v over thewhole rangeof integration.Theex-

L8xJz~_
1 uByJz~_~EnO’,Zn_i,1(~l) tent to whichthe approximationis valid will depend

on theparticularsourceunderconsiderations
By eq.21 and22 theycanbeexpressedas:

SN(z)= TN(z)= exp [ON(zN_i—z)] (91)

andfor n 1, 2, ...,N—l:
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11. Inductionby auniformfield B5 =Kei~~~t, ES — [E]~o =zwz2 XKe1~)t (95)

The problemof electromagneticinductionin a withK = Kit + K
5zrepresentingtheuniform magnetic

planeearthby auniform sourceis actuallyindeter- field of the source.Since theformulasdefininggn all
minate.That is, for a given inducingmagneticfield containa factorQ0 it follows thatwe canwrite:
which isperiodicin time butuniform in space,it is
not possibleto determinetheinducedfield. Of course, him [v—’g~(v,z,iw)]= ~f~(z) (96)v-+ 0
theelectromagneticfield within the earthcanbeex-
pressedin termsof the total externalmagneticfield, where~ is thecomplexlengthdefinedin eq.52, and
but thereis no way of uniquelyseparatingthisuni- wherefn is a functionwhich now satisfies:
form field into its inducingandinducedparts.Price f”(z) = a~fn(Z) (97)
(1950)clarified thispointby consideringthelimit-
ing caseof a well-defmedproblemin sphericalgeo- becauseGn,andhence~n’ satisfyeq. ii. It is ob-
metryin which the radiusof theearthis a andthe viousfrom eq.20 thatf0(z) = 1. The solutionsfor
inducingfield is definedby asphericalharmonicof the total field (eq. 69— 74) becometherefore:
degreem. He showedthatwhentheearth’ssurface
becomesplaneby lettinga-~ 00~the ratio of thetan- B = 2KIl e~t, E= iw(2z—~X K ei~)t (98)
gentialcomponentsof the inducedandinducing fields abovethe earth’ssurface,and:

tendsto the~‘aluem/(m+l). Now the field described

(99)by a surfaceharmonicof anyfmite degreecanbere- B = —~f,(z)Kiie~~)t,
gardedasessentiallyuniform over a sufficientlysmall E= —i~i~f~(z)~X K e~t
portionof thesphericalsurface,sothatin the limit- I
ingcaseasa -~00 a uniform inducingfield is obtained, in then-th conductinglayer. Note thateventhougha

whateverthe finite valueof m. Thusthe ratio of tj~e uniform sourcemay containa verticalmagneticcorn-
inducedto theinducingtangentialpartsof a uniform ponent,thetotalmagneticfield is necessarilyhori-

field over a planeearthcanassumeaninfinite number zontaleverywhere.In this examplethe totalexternal
of valuesbetween½and 1 for this particularlimiting magneticfield is double thehorizontalmagnetic

componentof thesourcewhich indicatesthat the
procedure.A non-uniformsourceover aplaneearthis ratio of the tangentialcomponentsof the inducedand
obtainedby makingm -+00 in sucha waythat rn/a v, inducingfieldshas its maximumvalue 1. This is not
a finite limit asa °o. surprisingsincethe factthatwe startedwith a finite ii

Despitethe indeterminacyof theproblem,expres- impliesthatwe are dealingwith thespecialcaseof a
sionsfor theratios of the total field componentscan surfaceharmonicwhosedegreernhasbecomeinfmite.
be foundasin section10. Onewayof doingthis is to Of courseeq.95 definesjustoneparticularuniform
neglectdisplacementcurrentsinsidetheearthonly, sourcewhichgivesrisetothesolutions98 and99.The
and toconsiderplaneelectromagneticwavesnor- proportionof the totalhorizontalmagneticfield which
mally incidenton its surface.Thiswastheprocedure belongsto thesourcecould,in fact,beanyfraction
adoptedby Cagniard(1953)andfollowed by many between0 and1 withoutviolatingtheboundary
otherauthors.However,we havealreadyremarked

conditionsatz 0,andin additiontheconstantK5 is
that the limiting caseasv -~ 0 of theresultsin section
10 correspondto a uniform inducingfield, andthis quitearbitrarysinceit isalwaysnuffifiedby anequaland
is clearly thesimplestapproach. oppositeverticalcomponentoftheinducedmagnetic

NowA -.~J(~ andp~lViiA-~ —Ku whenwe let field.
v -~ 0 in eq.67,(or in eq.76), whereK5 andK11 are It isclear from the definition(eq. 96) thata ratio
suitablydefinedconstants,Ku beingavectorparallel of thefunctionsfncanbeevaluatedby taking the

limit asp -÷0 of the correspondingratio of functions
to theplanez = 0. Thus thelimiting formsof eq.61
and62 are: g~•Thus the impedanceof auniform field, givenby

eq.99 in theform:
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Zn(Z)= _fn(Z)If,(Z) (100) sourceasalternativeproceduresto computingthe
surfaceimpedancethroughtherecursionrelations

canbe deducedimmediatelyby lettingv -+ 0 in eq. discussedin section 10.
77, which is tantamountto replacingeachO,~by an It remainsto be decidedunderwhatcircumstances
in theformulas78 and79.This also appliesto the thesimplifying assumptionof auniform sourceis
otherratio formulasdiscussedin section10. In partic- valid. Wait (1954)first consideredthis problemby
ular, by virtue of eq.52,eq.80becomes: comparingthesurfaceimpedanceformulasfor auni-
Z ‘0’ — 1 ‘101’ form earth. Eq. 81 canbe written as:
1~ ‘~ / Z(0)~(1—i)~(1--4iv2~2)1 (107)

for a uniform source,andeq.81 reducesto:
1 . sothateq.102 is acceptableasanapproximationZ(0)=~(1—i)~ (102) 2

providedthat(~&)~ 1, i.e.,that thehorizontal
which is the well-knownresultof Cagniard(1953)for scaleof the inducingfield is muchlessthan a skin-
ahomogeneousearth,andwhichled to hisdefining depth.Later,Price(1962)pointedoutthatwhenthe
the“apparentconductivity” 0aof alayeredearthin conductivityvarieswith depth,Wait’s condition,
termsof impedancemeasuredat its surfaceby the while still necessary,maynotbe sufficient. Thegen-
formula: eralimpedanceformula 80 dependson v through

—1 7 ~rn2 (1fl~\ every O~.n 1, 2, ...,N,so that by eq.75 Wait’scon-0 —WJ1
0 1’~’~) ~IUJ/ . .a ditionmustholdin every conductinglayerif the

Differentiatingeq. 100 andusingeq.97 we deduce neglectof v is to becompletelyjustified, i.e.:
that: p2maxJ~

2}.~~1 (108)
Z’(z) [a Z (z)]2 — 1 (104) . .

‘~ ‘~ In factalessstnngentconditionwill apply because
which is theRiccati equation.Eckhardt(1968)de- no accounthasbeentakenof thevarying degreeto
visedasimplegraphicaltechniquefor computingthe which conductinglayersaffect the field accordingto
surfaceimpedanceof a layeredearthby transforming their depthbeneaththesurface.Thesequestionshave
eq. 104 into a differentialequationsatisfiedby beenconsideredmore fully by Wait (l962b)and
log [anZn(z)], (whichvanishesatz = ~ by eq.78), Niblett (1967).
andplotting thecharacteristicsolutionpaths.Thus
by startingat z= Zn_i and.usingthecontinuityof im-
pedanceateachinterfaceone canuseEckhardt’s 12. Fieldsin a two-layerearth
chartto integrateupwardsthroughthelayersuntil
thesurfaceimpedanceis found.A differentmethod We concludethisreviewby applying thefield ratio
hasbeengivenby Weideht(1972).It is basedon a formulasof section 10 to a two-layerearth,forwhich
formulaheproved,that: Q

1 is givenby eq.30,andfor which thereforeeq.79,

92 and93 give:
Z1(0) him w(z)/h~z) (105)

1 + e e~~i’~
20 d (109)

wherew and W aresolutionsof thedifferentialeq.97 1 — �e i

(regardedasapplying to thewhole earthwith aa (l+e~e
0”~

function of Z, ratherthanto a singlelayer) andsub- S
1(d1) ‘ / —~ d (110)

ject to theboundaryconditions: 1 + e e i

w(0) = W’(O) = 0, w’(O) = W(0)= 1 T (d ) = (1—c) eOid (111
1 1 —20d

Ills time onestartsat the surfacewith theconditions 1 — ee i

106 andintegratesdownwardsuntil theratio of the wheree = (01—02)1(01+02).
two solutionsreachesalimiting value.BothEckhardt’s Considerfirst the caseof apoorly conducting
andWeidelt’smethodsmaybe usedwith a uniform layer(v

2~~ 1) overa goodconductor(v26~ 1) so
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Fig. l.A. Amplitudes(moduli) of the field ratiosZi(0)/6i (solidline andleft-sidescale),Si(di) (brokenline andright-side scale),
andTi(di) (dottedline andright-sidescale),plotted againstthedepthd1/ai (in skin depths)of theupperlayer of a two-layer
earth,for theparametersv61 = 0, 0.1 and1. B. Phases(arguments)of thefield ratioswhoseamplitudesareplotted in A.

that81 v and02 ~i(1+i)/~2. Weassumealso that Z1(0),S1(d1)andT1(d1)dependon thedepthd1 of
the depthof theupperlayeris smallcomparedwith theupperlayerfor differentvaluesof p. Thecurves
thedimensionsof the source,Le. (vd1)

2~ 1. Then areplottedin dimensionlessform with all lengthsex-
thefirst orderapproximationof eq. 109is: pressedin units of ~ ~. Thustheyapply for all fre-
Z ‘0’ = d + ~‘i ~ ‘112’ quenciesandfor all conductivitiesin the given ratio.

1’. / 1 2~ ~J 2 ‘ / Theimpedancecurvesare similar to thoseplottedby

Schmucker(1970)hasusedthis formulato interpret Price(1962), andrevealquite clearlyhow the as-
thesurfaceimpedancein awaywhich providesmore sumptionthat thesourceis uniform (v0) canfail if
informationthan the apparentconductivity of Cag- theupperlayeris shallowenough.This appliesnot
mard.It canbeprovedquitegenerally(Weidelt, 1972) only to the highly non-uniformsourcefor which
that therealpartof Z

1(0) isthemeandepthof the = 1 butalso,albeit lessmarkedlyandfor shah-
in-phasecurrentsystemflowing in ahorizontally lower layers,to a source(v~1=0.1)which is uniform
stratifiedconductor,andSchmuckerhasarguedthat overa muchgreaterhorizontalrangethan theskin
accordingto eq. 112 thedepthd1 + ~&2 at which depthof theupperlayer.However,if themodelre-
thecurrentflow is concentratedis in a regionwhose presentstheseaandthe sourcesareof naturalorigin,
conductivitycanbeobtained(through~2) from the the parametersare suchthat the assumptionv = 0 is
imaginarypartofZ1(0).Thus by measuringthesur- practicallyalwaysvalid (McCannandPrice, 1965).
faceimpedancefor anumberof frequenciesand The valueT1(d1)describestheattenuationof the
using: horizontalmagneticfield within thelayerby ex-

* pressingthefield at thebottom asa fraction of itsh ReZ1(0), a 2wi0[ImZ1(0)] (113)c surfacevalue, andS1(d1)doeslikewise for theelec-

to determinedepthof currentflow h* andconduc- tric andverticalmagneticcomponents.It isveryap-
tivity a~,respectively,Schmuckerhasfoundare- parentthat,whereasthehorizontalmagneticfield is
markablysimplemethodof estimatingthe earth’s sharplyattenuatedevenin layersof only a fractionof
conductivityat variousdepths. a skindepthin thickness,theothercomponentsare

Finally we consideramodelin which theupper barelychangedin shallowlayers.Whenthelayer
layerhasthegreaterconductivity.With thechosen thicknessexceeds~1’ however,the skineffectbegins
conductivityratio 01/02= 4000,themodelrepre- to takeoverandthe attenuationof all components
sents,in particular,a seaof depthd1. Fig. IA and becomeslarge.The greaterthenon-uniformity of the
Bdepicthow theamplitudesandphasesof theratios sourcethe lesspronouncedarethesefeatures,for the



280 1.T. Weaver,Inductionin a layeredearth

curvesfor S
1(d1)andT1(d1) tendtowardseach Eckhardt,D.H., 1968.1.Geophys.Res.,73: 5317.

otherasp increases.Price(1965)hasdiscussedthe Erdélyi,A. (Editor) 1954. TablesofIntegral Transforms.

behaviorof electromagneticfields within seawaterby McGraw-Hill, NewYork, N.Y., § 5.6 (12).Fournier,H.G., 1966. Essa:dunHistoriquedesConnais-
computingvaluesof ~(z)andT1(z) for a two-layer sancesMagnetotelluriques.Note no. 17, Inst.Phys.
earthin which hetook 02 = 0. His calculationsfor Globe,Univ., Paris.

differentvaluesof z anda particularvalueof v illu- Frischknecht,F.C., 1967.Q. Cob.Sch.Mines, 62: 1.
stratepreciselyhow thefield penetratesdownwards Gordon,A.N., 1951a.Q.1. Mech. Appi.Math., 4: 106.
throughtheseawater Gordon,A.N., 1951b.Q. 1. Mech.App!.Math., 4: 116.

Guldberg,J.andBrock-Nannestad,L., 1970. I.E.E.E.
7)-ans.Antenn.Propag. AP-18: 143.

Ilermance,J.F.andGarland,G.D., 1968.J.Geophys.Res.,

Acknowledgements 73: 3797.
Hermance,J.F. andPeltier,W.R., 1970./.Geophys.Res.,

I am indebtedto Dr. D.J.Thomsonfor his assist- 75: 3351.
Hutton,R., 1972. Geophys.J., 28: 267.

ance in compilingthebibliographyandin makingthe Jones,D.S., 1966. GeneralisedFunctions.McGraw-Hill,
numericalcalculations.I also wishto thankProfessor London.
Sir EdwardBullard for providing thefacilities in his Keller, G.V., 1971. Geoexpboration,9: 99.
Departmentwhich enabledme to write this paper Keller, G.V. andFrischknecht,F.C., 1966.ElectricalMethods

while spendingasabbaticalheavein Cambridge.The in GeophysicalProspecting.PergamonPress,Oxford.
Kozulin, Y.N., 1960.Bull. Acad~Sc,. U.S.S.R.,Geophys.

receiptof a travel fellowshipanda researchgrant Ser., 8: 798.
from theNational ResearchCouncilof Canadais Kraichman,M.B., 1970.HandbookofElectromagneticPro-
gratefullyacknowledged. pagationin ConductingMedia. U.S. GovernmentPrinting

Office, Washington,D.C.
Law,P.F.andFannin,B.M., 1961.1.Geophys.Res.,66:

1049.
References Lowndes,J.S., 1957.Q. 1. Meëh.AppI.Math., 10: 79.

McCann,C.andPrice,A.T., 1965.1.Geophys.Res~-~-70:

Ball, L., Maxwell, E.L. andWatt,A.D., 1966. TheApproxi- 3514.
mateMagneticFieldsNearaHorizontalElectric Dipole Meyer,J., 1962.ElektromagnetischeInduktion einesVerti-
Overa ConductingMedium.WestinghouseElectr. Corp. lcalenMagnetischenDipols übereinemLeitendenHomo-
Rep.,Boulder,Cola. genenHalbraum. Mitt. Max-Planck-Inst.Aeronomie,7.

Bannister,P.R.,1966./. Geophys.Res.,71: 2945. Miecznik, J., 1966.ActaGeophys.Polois., 14: 113.
Bannister,P.R., 1968a.RadioSd, 3: 203. Morrison, H.F., Phillips,R.J.andO’Brien,D.P., 1969. Geo-
Bannister,P.R.,1968b.RadioSci,3:387. phys.Prospect.,21:1.
Bannister,P.R.,1969. TheImageTheoryQuasi-StaticFields Mundry, E., 1967. Geophys.Prospect.,15: 468.

ofAntennasAbovetheEarth’s Surface.Navy Underwater Nabetani,S. andRankin,D., 1969. Geophysics,34: 75.
SoundLab. Rep.1061,NewLondon,Connecticut. Niblett, E.R., 1967.Magnetotellurics.In: S.K. Runcorn

Bannister,P.R.,1970.RadioScL, 5: 1375. (Editor),TheInternationalDictionaryof Geophysics,2.
BIlios, A., 1966.DipoleRadiationin thePresenceofa Con- PergamonPress,Oxford, p. 899.

ductingHalf-Space.PergamonPress,Oxford. htra,H.P., 1970. Geophys.Prospect.,28: 236.
Berdichevsky,M.N., 1960.Electrical SurveyingbyMeansof Pettier,W.R. andHermance,J.F., 1971.Can. 1. Earth. Sc,.,

Telluric Currents. NatL LendingLibr. for Scienceand 8: 338.
Techn.,BostonSpa,Yorks (translation). Price, A.T., 1950.Q. 1. MechAppLMath, 3: 385.

Bhattacharyya,B.K., 1955. .1. Geophys.Res., 60: 279. Price, A.T., 1962./. Geophys.Res.,67: 1907.
Bhattacharyya,B.K., 1959a..1. Technol.,1:151. Price,A.T., 1965.RadioScL1. Res.N.B.S.,69D: 1161;
Bhattacharyya,B.K., 1969b.Geophysics,24: 89. Price,A.T., 1967.Electromagneticinductionwithin theearth.
Bhattacharyya,B.K., 1963. Geophysics,28: 408. In: S. MatsushitaandW.M. Campbell.(Editors),Physics
Brekhovskikh,L.M., 1960. Wavesin LayeredMedia. Academic of GeomagneticPhenomena.AcademicPress,NewYork,

Press,NewYork,N.Y. N.Y., p. 235.
Bullard,E.C. andParker,R.L., 1970.Electromagneticinduc- Quon,C., 1963.ElectromagneticFieldsof ElevatedDipoles

tion in theoceans.In: A.E. Maxwell (Editor), Thesea, ona Two-Layer-Earth.Thesis,Univ. of Alberta,Edmon-
Wiley, NewYork, N.Y., Vol. 4: 695. ton,Alta.

Cagniard,L., 1953. Geophysics,18: 605. Rikitake,T., 1966.ElectromagnetismandtheEarth’sIn-
Dosso,H.W., 1966.Can. 1. Phys.,44: 1923. tenor. Elsevier,Amsterdam.

Ryu, J.F.,Morrison,H.F. andWard,S.H., 1970.Geophysics,
35: 862.



J. T. Weaver,Inductionin a layeredearth 281

Schlichter,L.B. andKnopoff, L., 1959. Geophysics,24: 77. Wait, J.R., 1955. Geophysics,20: 630.
Schmucker,U., 1970.AnomaliesofGeomagneticVariations Wait, J.R., 1956. Geophysics,21: 479.

in theSouthwesternUnitedStates.Bull. ScrippsInst. Wait, J.R.,1958a.AppI.Sc,.Res.Sect.B.,7: 73.
Oceanogn.Univ. Calif , 13. Wait, J.R.,1958b..1. Re:.N.B.S.,61: 205.

Srivastava,S.P.,1965.J. Geophys.Res.,70: 945 (corrections Wait, J.R.,1962a.Geophysics,27: 382.
in 70: 2468). Wait, J.R.,1962b.RadioSci. J. Res.N.B.S.,66D: 509.

Summers,D.M.andWeaver,J.T., 1973.Can. .1.Phys.,51:1064. Wait, J.R.,1969.Electron. Lett., 5: 281.
Thomson,D.J. andWeaver,J.T., 1970.Electron. Lett., 6: Wait, J.R.,1970.ElectromagneticWavesin StratifiedMedia.

855. PergamonPress,Oxford, 2nded.
Tikhonov,A.N. andShakhsuvarov,D.N., 1956.Bull. Acad Wait, J.R.,1972.Can. J.Phys.,50: 1055.

Sci. U.S.S.R.,Geophys.Sen.,4: 410. Wait, J.R.andSpies,K.P., 1969. Can. J. Phys.,47: 2731.
Vanyan,L.L., 1967.ElectromagneticDepthSounding.Con- Ward, S.H., 1967. Electromagnetictheoryfor geophysical

sultantBureau,NewYork,N.Y. (translation). application.In: D.A. Hansenetal. (Editors),Mining Geo-
Vanyan,L.L., 1968,Ann. Ge’ophys.,24: 915. physics.TheSociety of ExplorationGeophysicists,Tulsa,
Wait, J.R., 1951. Can.J.Phys.,29: 577. Okla,VoL 9.
Wait,J.R., 1953a.Trans.Am. Geophys.Union, 34: 185. Weaver,J.T., 1971a.Geophys.J., 22: 83.
Wait, J.R., 1953b.AppL Sci. Res.Sect.B., 3: 230. Weaver,J.T.,1971b.RadioSci, 6: 647.
Wait,J.R., 1953c.Geophysics,18: 416. Weaver,J.T. andThomson,D.J., 1970.Can. /. Phys.,48: 71.
Wait, J.R., 1954. Geophysics,19: 281. Weidelt, P., 1972.Z. Geophys.,38: 257.


