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Themethodsof globalgeomagneticsoundingandtheresultsobtainedby thesetechniquesareexamined.The
principlesandlimitationsof modellingmethods,exactinversionmethods,andheuristic(Backus~Gilbert)methods
arediscussed.Theevolutionof ourpictureoftheearth’soverallradialelectricalconductivitydistributionwith
successiveimprovementsin dataandmathematicaltechniquesis described.The prospectsfor improvingthis pic-
turearealsodiscussed.

1.Introduction insidetheearth,where ,Li alsosatisfiestheinduction
equation.~ canbe expandedas a sumoverspherical

Itisnow about80 yearssincetheelectricalconduc- harmonics:
tivity of theearthwasfirst studied.In 1883Lambmath-

ematicallyformulatedthe problemof electromagnet- = ~ ~m(r) pm (cos0) eimso

ic inductionin a sphericalearthby externalmagnetic = i m=—n ~
field variations.Usingthis theory,Schuster(1889)de-
ducedfrom magneticvariationdatathat theearthact- wherej~’(r) satisfiestheradialinductionequation:
ed like a conductingbody. Since thenboththemeth-
odsandresultsof geomagneticdeepsoundinghavefin- ±r2 ~- j~= [n(n + 1) + i w c(r) r2] f~
provedconsiderably.Thisarticle wifi discussthemin ar ar
thecontextof theearthasawholeandits overallra- Outsidetheearth,thefield canbe expressedas the gra-
dial conductivitydistribution. dientof apotentialW, which canalsobe expandedin

The centralequationof geomagneticdeepsounding sphericalharmonics:
isthe inductionequation:

V2 A = k~,~.za(r)A W = ,~ m~n [~(~Y+ ~(~~)~1]

HereA is themagneticvectorpotential,~ the angular
frequency,a theconductivityandp the permeability. F~(~s0) eim~

Thereare excellentphysicalreasons(Tozer,1959)for
supposingp to beveryclosetop~in the deepearth,so
that the conductivityis the only variablecoefficient Herea isthe radiusof the earth,e~is theamplitudeof
in theaboveequation.Only poloidalfields areinvol- theexternalinducingfield in a particularsphericalhar-
vedin inductionprocesses;this restrictsA to the form: monic andi~theamplitudeof the correspondinginter-
(LahiriandPrice, 1939): nal inducedfield. The solutionsandtheir radialderiva-

tivesaboveandbelowthesurfaceof theearthmustbe
A = r X V ~‘ fitted smoothlytogether.Theresultingratio of the

inducedamplitudei7 to the inducingfield amplitude
* Addressfrom 7 January1973: PhysicsDepartment,univer- e~isS~(ce), thegeomagneticresponseof the earth

sity of Toronto, Toronto, Oat.,Canada. in thesphericalharmonicmodeP~.It is a functionof
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frequencyanddependsof courseon theconductivity variationsare generatedby an equatorialring current,
distribution, andare well describedby theP1

0 sphericalharmonic
Thecentralproblemof geomagneticdeepsounding alone.Theperiodsseenin typical stormsare of the

is to obtain theradial conductivitydistributionfrom orderof days.
informationaboutoneof moreof theS~(o.,). This In 1919 Chapmanfitted a uniform spheremodel
is the subjectof this paper.It will startby discussing to5q data.Fora bestfitting modelhe obtaineda
themodellingmethod,which wasthe first to beap- uniform sphereof radius0.96 earthradiiandacon-
plied,andthengo on to themoresophisticatedmeth- ductivity of 0.036mho/m.In 1930,afterPrice(1930,
odsthathaverecentlybeendeveloped. 1931)haddevelopedthe theoryof electromagnetic

inductionin theearthto copewith aperiodicvaria-
tions,heandChapmanfitted auniform spheremod-

2. Modellingmethods el to stormtimevariations.Thesecontaincompo-
nentswith periodsseveraltimeslongerthanSq and

Modelling consistssimply of guessingaconductjv- thereforepenetratemoredeeply.Theyfoundara-
ity distribution andcomparingthe calculatedrespon- thusof 0.94RE anda conductivity of 0.44 mho/m,
seof this model to the actualdata.Thiscarriesno morethanten timesChapman’searlierresult.This
guaranteethat the final answerwill beunique,but wasthe first indication that theearth’sconductivity
hasthe advantagethat thedirectproblemis fairly risesrapidlywith depth.
easyto solve.Before theadventof theelectroniccorn- In 1939,Lahiri andPriceobtainedanalyticsolu-
puter,eventhe modellingmethodwas ratherrestricted tionsfor amodelwhoseconductivityvariedasanar-
in scope.Conductivity estimateshadto bebasedon bitrarypowerof theradius.They fitteda five-param-
datawhich wereeasilyobtainedandon modelswhich etermodel toboth5q andD~-variations.The result
could besolvedanalytically.Theusefuldatawere is shown in Fig.1.Theconductivityvariesas anarbi-
thereforerestrictedto largeandwell defmedmagnet- traty inversepowerof radiusbelowsomearbitrary
ic variations,suchas the quietdaily variation(Sq) and depth.Above that it is zeroexceptfor athin surface
its harmonics,ormagneticstormvariations(D~).The conductinglayer.Thissurfacelayerwasnot intro-
Sq•’Variationshaveastheir sourcetwo currentloopsin ducedby themaspartof the initial model; they could

theday-lit hemisphereof the ionosphere,andtherefore notfit the datawithout it.
havea fundamentalperiodof a day.The spatialdistri- Thetwo curvesmarkedd ande in thefigureare
butiori is suchthat thevariationisdominatedby the theextremesof the rangeof distributionsthatgavea
sphericalharmonicP~ 1 at then-th multiple of the reasonablefit to the data.Again,themajorconlusion
daily frequency,up to aboutn 4. Thestormtime thatwas drawnfrom this was thatthe conductivity

1~0 - risesquite rapidly,apparentlyaround700km depth.
Betweenthesurfaceand700km, the conductivityis

very low.The surfacelayerseemsto representthe
oceans,althoughthelimited resolutionavailablein a

J five-parametermodelpreventsthis interpretationfrom
06 beingconclusive.Theintegratedconductivity of this

mt~nr’ / layerin modeld, for example,is thesameasthatof a
/ uniform oceancoveringtheentireearthto a depthof

about0.5km. Althoughthereis considerablymore

1* seawateron the actualearththanthis,it is brokenup
by thelandmasses,andonemight reasonablyexpect

d this to reducethe inductiveeffect to that foundby

p~ LahiriandPrice.
Thisoceaniceffectneedsfurthercomment.The

Fig. 1. Labiri-Price(1939)modelsofupper-mantlecondu~ oceansconstitutealargedeviation fromthelateral
tivity. homogeneityrequiredby theearthmodels.Chapman
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andWhiteheadpointedoutin 1923 thattheywould propertyof thesecularvariationsource.McDonald
havesignificant effectsonvariationsas rapidasthe (1957)combinedhissecularvariationresultfor the
Sq variation.Schmucker(1970)hasrecentlysum- lowermantlewith theLahiri-Priceestimatesfor the
marizedtheevidencethatSqis indeedaffectedby uppermantletoproduceawell knowncompositemod-
theoceansandlocal anomaliesin the uppermantle. el of theentiremantle.This isthecurvemarkedM
In aglobal analysis,onehopesthat theseeffectswill in Fig.2.Also shownaretwo othercurvesobtained
averageout,butclearly this is notaverysatisfactory aboutthesametime.The curvemarkedR isdueto
wayof doingthings. Rikitake (1950,1966)who usedasdataseveraldii-

Sofar only the conductivitydeterminationsmade ferent effects,suchasS~, D5t,magneticbaysandso-
by studyinginductionby externalfieldshavebeendis- lar flare effects.Curve V is dueto Yukutake(1959)
cussed.Noneof theseis ableto say anythingabout andis basedonhisstudyof the secularvariation.
the conductivityverydeepin themantle.Estimates This is abriefoutline of thestateof globalgeo-
of theverydeepconductivityhavebeenbasedon the magneticsoundingup to abouta decadeago.After
secularvariationof the maingeomagneticfield.The this time modellingmethodsimprovedenormously,
secularvariationis presumedto originatein the earth’s mainlybecauseof theapplicationof electroniccorn-
core;whatwe seeof it at the earth’ssurfaceisdeter- puters.Therewasnolongeranyneedto restrictmod-
minedby the filtering propertiesof themantle.The els to analyticallysolvableprofiles, andcomputer.
conductingmantleattenuatesthe rapidvariations izedtime-seriesanalysismadeavailablealarger
morethantheslowones,andthespectrumof thesec. rangeof data.An advancealongtheselineswasmade
ularvariation at the earth’ssurfacecanbe expected in 1963by Eckhardtet al.In their papertheydis-
to cut off abovesomemaximumfrequency.This fre- cussedthe shorthcomingsof the previouslyused
quencyis observedtobe about0.25 cycles/year short-perioddata,

5q in particular.They pointedout
(Currie,1968).A numberof investigators(Runcorn, the discrepanciesbetweenvariousdeterminationsof
1955;McDonald,1957;Yukutake,1959,1965;Roches- theSq responseandthat the spatialstructureof
ter, 1960;Smylie,1965)haveshownthata conduc- wasnot assimpleasit wasassumedto be.Usingtime-
tivity of 100mho/min thelowermantle(plusor mi- seriesanalysis,theywent on to studygeomagnetic
nushalfan orderof magnitude)will accountfor this. variationsof longerperiods.They foundanumberof
Thisapproachis,of course,basedonthe assumption strongpeaksin their spectra,in particularthe semi-
that the observedcutoff frequencyis notanintrinsic annualline andtheharmonicsof the 27-daysolar

-- period.Thespatialdistributionof theseexcitations
wasadequatelydescribedby thesingle spherical
harmonicP

1
0 . Thehorizontalfield wasin factfitted

to betterthan5% at thefive stationsusedin their
analysisfor the9.8-and13.5-dayperiods.This was

.,~_.._--f~ consistentwith the variationshavingastheir sourcer fluctuationsin the equatorialring current.Having
M-nrvr’ M

1 R concludedthat theselongerperiodscouldbeused
for morereliabletestsof conductivitymodelsbe-
causeof their simplespatialstruCture,they tested
a numberof modelsagainsttheir data.The data
fitted thePrice-McDonaldmodel(Fig.2)quitewell,
significantlybetterthansomeof the alternatives
suchasthe very sharplyrisinge-distribution.ofLahiri

• andPrice(Fig.1).They concludddthatno revision
0 1000 2coo XXX) of thePrice-McDonaldmodelwasnecessaryto fit

their data.Theyalsofoundthateventhe 6-month

Fig.2. Estimatesof mantleconductivity (R~Rlkitake,1950; perioddatawere insensitiveto depthsgreaterthan
M= Price-McDonald,1957;Y Yukutake,1959). 1,000km.
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~ ~02C tell usmuchabouteitherof these.It isprobablynot
102 I ;~~,///1 serious;Banks(1972)hasdonea furtheranalysisof

his dataandfmds thedepthof the riseto bemuchdo-
10’ - ~.//////// serto the700km originally suggestedby Lahiri and

Price(1939).

a- ~ff 3. Exact inversemethods
io-’ - Y,L

m~m~ — Barksmodit

Barks’ limits Modelling is oftena laboriouswayof obtaininga
10 Price-Mc~naldmodel solution.Whatisworse,it doesnottell usif other

dissimilarmodelsalsofit the datawell. Directproce-FZ~1 I duresfor calculatingtheconductivity fromthe data,
10 1)9 06 0-7 0-6 1)5 if theycanbefound,assureusby their veryexistence

that thesolutionssoobtainedare unique.Suchinverse
methods,as theyare called,havebeendevelopedre-
centlyalong two lines,which I shallcall exactand

Fig.3.Mantleconductivitymodelsof McDonald (1957)and heuristic.It isthe exactmethodswhich definethe con-
Banks(1969)afterBanks. ditionsforuniqueness,andthesewill bedescribedfirst.

Thefirst significantresultfor exactinversiontheo-
A paperby Banks(1969)carriedthesameapproach ry was obtainedseveraldecadesagoin connectionwith

considerablyfurther.In estimatingthe responseof the apurely mathematicalproblem.In theequation:
earth,Banksusednotonlythe well defmedpeaksin the
geomagneticspectrum,butalso thecontinuumbetween = — V(x)] y

them.He alsofoundthatthe singlesphericalharmonic &2
P1°describedthevariationsquitewell. Hethenobtain-
edanestimateof the responseof the earthin thep1° which,like the inductionequation,is of Sturm-Liow’
modeovertheentirerangeof frequenciesfrom 0.01 vifie type,theeigenvaluesfor anyparticularsetof ho-
to 0.25 cycles/day.Bankswentonto fit amultilayered mogeneousboundaryconditionscanbecalculatedif
model to this responsedata,andproduceda conductiv- thefunction V(x) is known.Thisprocedurecanbere-
ity estimatethat is shown in Fig.3. Also shownin the versed.In 1945Borg showedthatknowledgeof the
figure areupperandlower limits. Heobtainedthese two eigenvaluesetsof the equationcorrespondingto
limits by varyingeachlayerin themodelindividually two setsof homogeneousboundaryconditionswas
until the computedresponsedisagreedwith the data. sufficientto determineV(x) uniquely.Borg’s proof
Becausethis doesnotallow for the cancellationof the of this factdid not,however,give anactualmethod
effectsof simultaneousvariationsof severallayers, for doingthis.This resultisrelevantto the inverse
it is nota rigorouswayof obtainingthetrue error ~. inductionproblembecausethe inductionequation
its, but it doesroughly indicatethe sensitivity of the canbeputin theaboveform by appropriatesubstitu-
model to changes.Below 1,0001cm, the true error urn.. tions(Weidelt, 1970)andthe responsefunction, if
its are probablymuch larger thanhe hasindicated, known overall frequenciesin a particularspherical
Themajordifferencebetweenhiscurve andthePrice- harmonic,canbeshownto determinetherequired
McDonaldmodel(alsoshown inFig.3),whichhad eigenvaluesets(Bailey, 1970).This uniquenessproper-
beenconfirmedby Eckhardtet al.,is that the steep ty of thegeomagneticsoundingproblemwasstated
rise takesplaceat400km depthin hismodel rather explicitlyby Tichonovin 1965,althoughagainanac-
than700km.Thisdifferenceis outsideBanks’error tual inversionprocedurewasnot available.
limits.Whetherthis is a seriousdiscrepancydepends BecauseSchroedinger’sequationfor scattering
on the spatialresolutionof the estimatesaswell as from a centralpotentialcanbereducedto theabove
the errors,andthe modellingmethodsdo notreally form,whereV(x) is thepotential,therewasstrong
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motivationin quantummechanicsto find aprocedure m 20) p ReS~(u) — S~(oo) du
for calculatingthe potentialfunctionfrom scattering liii

5n ~ = —~rJ 2 2
data.Thiswasdonein 1951 by Gel’fandandLevitan. 0 — U

Theirmethodinvolvesreducingtheproblemto that
of solvingalinearintegralequation,which,evenif it Theseare thewell knownKramers-Kronigdispersion
needsto besolved nurnerically,canbe solvedexactly. relations,andthegeomagneticresponsefunctionmust

It tooktwo decadesfor this techniqueto diffuse satisfy them.
fromquantummechanicsto geophysics.In 1970Wei- Thegeomagneticresponsefunctionis normallyde-
delt appliedit to the geomagneticsoundingproblem. fined for theearthas awhole.It canalsobedefmed
At the sametimeBailey (1970)developedindepen- for anyconcentricsubsphereof the earth.Eckhardt
dentlyanotherexactinversionmethodwhich reduces (1963)madethis thebasisof amethodof directly
theproblemto thatof solvinga first ordernon-linear calculatingtheresponsefunctionof theearthfor any
integro-differentialequation.Both methodsnecessari- conductivitydistribution.Theresponsefunction
ly invoke the samemathematicalpropertiesof the S~(r, w) of thesubsphereof radiusr obeysthe equa-
geomagneticresponsefunction,butuse themto re- tion:
ducetheproblemto differentsimplerproblems.Both
methodsarrive~atthe sameresult: that if theelectro- 8S~(w,r)ic,.,I.1

0ra(r)(n + 1) 1 m n 12
magneticresponseof theearthis knownat all frequen- ar = n(2n+ 1) ~n — n~TJ
cies,in anysphericalharmonicmode,thenonly one
radialconductivitydistributionis possible.Thelatter 2n + 1 Sm

methodwill bedescribedfirst, sinceit makesthede- — r n
pendenceof theconductivitydistribution onthe fre-
quencydependenceof thegeomagneticresponse S~is zero at thecentreof theearth,Therefore,given
clearin physicalterms. theconductivityu(r), this equationcanbe integrated

TheresponsefunctionsS~(f)(wherefisthefre- from the centreto the surfaceof the earthtodeter-
quency)of theearthin aparticularsphericalhar- mine the surfaceresponsefunction.Conversely,if
monic is definedastheratio of internalgenerated S~isknown at thesurface,it canbecalculatedat
field amplitudei~’(f) to the externalgeneratingfield anydepthby integratingthisequationdownwards
amplitudee~(f). That is: ratherthanupwards.Theresultwe obtaindepends

of courseonwhatconductivitydistribution we choose.
~ (f) =S~(f) e~(1) If wedothis,it turnsoutthatonly oneconductivity

distributionwill preservethecausality,asdefinedby
Fouriertransformationof thisequationbackto the the Kramers-Kronigrelations,0f-5mat all radii; this
time domainyieldsaconvolution,namely: is the correctconductivitydistribu’lion.

r Km’- \Em( ‘d Itiseasytoseehowaninversemethodmaybe
n ~ — J n n ~!— ~) ~ built on this. Given theresponsefunctionat some

— radius(initially the surface)we determinethe local

m conductivitywhichwifl preservethe causalityifKn (i), the impulseresponse,is the Fouriertransform we integrateEckhard,t’sequationdownwardsa very
of S,~(f); I,~andE~are theFouriertransformsof smalldistancedr.This conductivitycanbe shown
i~ande~,respectively.ClearlyK~(r) mustbe zero to be:
for negativer; the internallygeneratedfield cannot 2
dependon futurevaluesof theexternalsourcefield. a(r) = ln(2n + 1)
This requirementof causalitycanbetranslatedinto 8 r(n + 1)
a setof integralconstraintson S~(ce),namely: 2

u Im S~(u)du Re[ f{s~(u,,r) — _~-~} d~i—1

ReS~(u’) = f ~2 — u
2 +~:(QO) 0 -
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Fig. 5. Comparisonof modelling(Vozoff andEllis, 1966~
1)1 dashedline) andexactinversionmethod(Weidelt, 1970;

solidline).
1)0 I I I I I

1)0 100 21)) 300 400 500 7
Depth (km)
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Fig. 4. Smoothingof staircasemodelby exactinversion
method.

Wecalculatetheresponsefunctionat thenewradius
r — dr and beginthe processagain.Repeateditera-
tion recoverstheconductivityprofile downto any
depthweplease.

TheGel’fand-Levitanmethodasappliedby Wei- 2
delt doesnotwçrk in this way. It isnecessarily
based,however,on the samemathematicalproper-
tiesof theresponsefunctionthatcorrespondto
thephysicalprincipleof causality.As the details ______________________

arecomplicated,only themechanicsof theprocess o i~ 2(0) 30~0 4000

will be described.SincetheGel’fand-Levitanmethod Depth(m)

wasoriginally appliedto Schroedinger’sequation, Fig. 6. Effectof finite depthpenetration:exactinversion

Weidelt beginsby substitutingnewvariablesin the methodappliedto uniform spheredata.
inductionequationto arriveat Schroedinger’sequa-
tion. From theresponsefunction,he derivesanew modellingmethodallows themodellerto useoutside
functionR. Healsodefinesa functionA from which knowledgein settinguphismodels,and,moreimpor-
theconductivity caneasilybe derived.The two are tant,to treatsuspiciouslookingdatawith a pinchof
relatedby the equation: salt.Exactmethodsattemptan exactreconstruction

of the conductivityfromthegiven data;if thisdata
A(x,y) = R(x +y) + I A(x,t)R(t +~) ~ are in error,no suchconductivity profile mayexist.

.1 Fig. 4 andS showoneof the characteristicsof
y the exactmethods,their tendencyto give thesmooth-

This is easilysolvedforA and thusthe conductivity. est conductivity profile consistentwith the data.
Thereductionof theproblemto thisequationis the In Fig.4, thedottedline showsastaircaseprofile
coreof the Gel’fand-Levitanmethod. from which artificial datawerecomputed.Thesolid

As bothWeideltandBailey havefound,theseexact curveis theresultgeneratedby my methodusing
methodsdo not performaswell asmodellingmethods thesedata.The maximumdatafrequencyusedcor-
whengiven realisticallynoisyand truncateddata.The respondsto a skin depthof about100 km, sothe in-
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versionresolvesno structurefiner thanthis. Fig.5 wide rangeof geophysicalinverseproblems.Parker
showsthesameeffectobtainedby Weidelt’s method. (1970)appliedit to thegeomagneticsoundingprob-
Here,realmagnetotelluricdatawere used;the dotted lem,and his paperis the basisof this outline of the
line wasobtainedby modelling(Vozoff andEllis, method.
1966)andthe solid line by Weidelt. As we shallsee In principlethe methodis simple. Theproblemis
laterthis isessentiallyalimitationof the data,notof linearized;that is, an initial conductivityprofile must
themethod.Thelackof high-frequencyinformation bechosenby informedguesswork,andthis proffle
obscuresthefine structureno matterhow thedata is adjustedto fit the dataexactly. If this guessis wide-
are treated;modellingmethodsmerelyputthe fine ly inaccurate,the adjustmentprocedure,which is
structureinto themodel apriori, basedon linear perturbationtheory,maynot converge.

Anotherlimitationinherentin realdatais that the If it is a reasonableguess,it will converge.Let us
lowestfrequencyusedmay notpenetratebeyonda formulatethis mathematically.Let the dataconsist
certaindepth.Whatdoestheexactmethoddo in this ofN measuredobservablequantities,denotedby g1.
case?Fig.6showsBailey’s methodappliedto band- It doesnotmatterwhatthesequantitiesare aslong
limited datacorrespondingto auniform spheremod- astheyare functionsof the profile. As well asmea-
el. Beyonda certaindepth,the errorsin the local suringthesequantitieswecancomputewhatthey
responsefunctionhavegrownto belargerthan the oughttobe for the initial modelprofile. Wecan
information content,andthesolutionexplodes, also calculatehow smallchangesin our modelpro-

Although theexactmethodshavepracticaldraw- file will affect theseobservables.To first order,
backs,their veryexistenceassuresusthat a perfectly thesemustbe of the form:
known responsefunction canin principle uniquely b

determinetheconductivity,andindicatesthatan —
ug1— .r ar

imperfectlyknownonewill give usat leastan approxi-
matesolution.It shouldbe pointedoutherethat the a

Gel’fand-Levitanmethodhasalsobeenappliedto wherea—bis the intervaloverwhich theconductiv-
the secularvariationproblemby JohnsonandSmylie ity exists.The kernelsK~canbe computednumeri-
(1970).They showthat thetransferfunctionof the cally.By taking thedifferencebetweenthe observed
mantlefor secularvariationsasa function of frequen- valuesof theg1 andthevaluescalculatedfor our mod-
cy canbeusedto determinethe conductivityprofile 01, wecanalso obtainthe required~g1.
in themantle.Sinceourknowledgeof the secular How do we obtain therequiredperturbationba
variationsourcespectrumis very limited,thereare (r) of our modelto fit the dataexactly?To answer
unfortunatelyno dataat presentto which this can this,considera linearcombinationof the~g1,suchas:
be applied. N

L = E a,.~g1
i=1

4. Heuristic inversetheory
wherethe coefficientsa~amasyet undetermined.

Theexact inversionmethodsarenotsuitedto Substitutetheexpressionsfor ‘thesSg1 involvingthe
quantitativelydescribingtheerrorsandthe smoothing kernelsK, andthe perturbation~a(r).Thisgives:
that resultfrom realdata.Theheuristicmethodthat N
wifi bedescribedherewas specificallydesignedto do L — ~ I z a.K.(r) 1 6a(r) dr
this andthereforeproducesveryusefulresults.Other — J L =1 U 1 J
heuristicmethodsof varyingdegreesof rigor and use- a

fulnessexist(e.g.,Moskvicev,1965;Miecznik, 1966; If we couldchoosethecoefficientsa-sothat the
Wu, 1968;NabetaniandRankin,1969;Schmucker, quantityin squarebracketswas aDirac deltafunction
1969)buthavenotbeenappliedto theglobal problem. centeredon someradiusof interestr0, thenL would
Themethodwasdevelopedby BackusandGilbert be simplyba(r0), the quantitywerequire.in practice,
(1967,1968,1970)for solvingin apracticalwaya we cannotobtain a deltafunction,but,by choosing
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the coefficientsa1 carefully, we canusuallygetafunc. matemeaningless.Thetwo curvesdisagreesignifi-
tion that is sharplypeakedat r0. L is thenan estimate cantly near the surface.Parker’svalueof 0.1 mho/m
of 6a(r0)with a resolutionequalto thewidth of this thereis morethana standarddeviationgreaterthan
function.Once we havefoundthecoefficientsai Banks’ valueof 0.005 mho/m.In Fig. 8 Parker’s
for eachheight of interest,we cancompute~a(r) curve is comparedwith Bailey’s exact inversionof
simply as: the samedata.Theseresults resembleeachother

more thaneitherresembleBanks’ curve,at least
N abovethe depth(about 1,0001cm)where theexact

~a(r) = a. (r) ~ methodis overwhelmedby accumulatederrors.

Very recentlyParker(1972)hasgone on to pub-
lish a paperwhich showsa very realisticapproach

At the sametime we haveautomaticallycomputed to geophysics,called“InverseTheorywithGrossly
the resolutionof all our estimates. InadequateData”.The inversionproblemof geomag-

If theformula aboveinvolvesstrongcancellation netic sounding,aswe haveseen,requiresa veryex-
betweenterms,theresultingerrorsin ~0(T) (which tensive,in factinfinite, rangeofdatato yield an
canbe calculatedusingsimpleerrortheory)may exactconductivityprofile. What,then,is theuseof
bemuchlargerthanthe original experimentalerrors makinga singlemeasurementsuchasthe 11-year
in the~ In this case,broadeningthe resolutionby responseof the earth?Clearlyeventhis onemea-
adjustingthea1reducestheerrorsin 6a(r). Thissitua- surementmusttell us somethingaboutthe earth,
tionis analogousto the Heisenberguncertaintyprinci- evenif it is only in theform of a constrainton a
ple; accuracyandspatial resolutioncannotsimulta- singleparameter,suchasthe meanconductivity.To
neouslybe optimized.This is wheretheBackus-Gil- this problemParkerhasappliedthemethodsof
bertmethoddisplaysits power;notonly doesit tell BackusandGilbert andshownhow onecalculates
usboththe resolutionandthe accuracyof ouresti- suchconstraints.Heillustratesthis with anexample
mate,but it allows usto varythecompromisebe- drawnfrom thegeomagneticinversionproblem:he
tweenthemto suit our needs.Therearea numberof showsthat thecomplexresponseof theearthin the
numericalmethodsfor finding the coefficientsa that modeat thesingleperiodof 100 daysis enough
simultaneouslyattempttominimizethe smoothing to show that theconductivityin theearthmust
andthe errors.This is primarilya computationalprob- somewhereexceed0.84mho/m.In itself, this result
lem andI wifi notgo into it here.Theyaredescribed is notnew,intendedasit was asan example.The
in thepapersof BackusandGilbert,andothers(see main purposeof the paperis to:showexactlyhow
Wiggins, 1972). verysmallamountscanbeusedrigorouslyto full

Parkerhasappliedthe Backus-Gilbertmethodto advantage.
thegeomagneticinductionproblem.As observables
heusedthemodulusof thegeomagneticresponseof
the earthin theP,°modeat 35 frequenciesbetween 5. Results
0.01and0.2cycles/day;asdatahe usedBanks’ re.
suIts(1969).He foundthat the Backus-Gilbert Wehaveconcentratedsofar on the methods,and
methodwould notgenerateanymodelthatexactly theresultshavebeenquotedwithout muchcomment.
fitted Banks’data.He did find it possibleto fit it In finishing, I wifi try to summarizetheinformation
within onestandarddeviation.Heconcludedthat obtainedsofar aboi4 theactualconductivitydistri.
Banks’datacontainsunphysicalfeatures,butthat bution.All recentlyobtainedprofilesdisplaythree
thetrueresponsecurvelies within onestandardde- commonfeatures:a regionof low conductivityin the
viation of Banks’ data.Parker’sconductivity profile top severalhundredkilometers,followedby a sharp
down to a depthof about I ,500 km is shown in rise,anda verypoorly definedregionbelow1,000
Fig. 7 with 20% errorsand the correspondingresolu- km depthwherethe conductivitymaylevel off.
tion widths,with Bank’s model for comparison.Be- Within this framework,thereis still significant dis-
low this deptherrorsare so large asto makeany esti- agreement.
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10 Forthenearsurfaceconductivity,bothParker

(1970)andBailey (1970)usingBanks’ (1969)da-
tafind valuesof 0.1 mho/morgreater.Ontheother
hand,Banksaswell as Lahiri andPrice(1939)and

1 somemagnetotelluricstudies(e.g.,Caner,1971)
fmdvalueslessthan0.05mho/m.Parkerstatesthat
this differenceis greaterthantheerrors.The discre-
pancybetweenParker’sandBanks’ resultsobtained

10-I from the samedatacanprobablybeput downto
a- the inherentambiguitiesof the modellingmethod

mho ~ç
1 thatBanksused,but this doesnotexplainthe other

+ Parkec(1970) low valuesobtained.Dataerrorsseemto bethe most
10-2 — Bans(1969) likely explanationof this.Banks’high-frequencyre-

sponse(periodsfrom S to 10 days)is significantly
differentfrom ChapmanandPrice’sstormresponse
for thesameperiods.Bankshimselfstatedthathis
high-frequencyresultshavesuspiciousfeatures:in

particular,his resultsfor thephaseof theresponse
at highfrequenciesarephysicallyimpossible.Al-

Fig.7. Upper-mantleconductivity,modelsof Banks (1969) thoughParkerusedonly Banks’amplitudesandnot
andParker(1970). the phases,the inconsistenciesin Banks’ datashould

makeus wary of acceptingParker’sresultwithout
confirmation.Parker’srejectionof the lower values
of the conductivity is basedon error boundsderived

2.5 / from Banks’estimateof errorsin the response;

Bankshadno meansof estimatingtheseaccurately.
/ Thedeeperconductivity,in particulartherise

— Parker / from 300 to 700km depth,obtainedby Parkerde-
2~0 / f pendsmoreon Banks’low-frequencydata,andis

BaIle~ / probablymorereliable.Thecalculatedresolution

I / of Parker’sprofile is everywhereworsethan 0.05
1.5 / / RE or 300km.Becauseof this,wecannotsayhow

steepthe rise is or preciselywhereit is located.This
a- / / is annoying,becauseit hasbeensuggestedthatall or

mPIo m’ ‘ partof this rise may in factbea discontinuityasso-
1~0 / / ciatedwith a phase.~changein themantle(Akimoto

/ / andFujisawa,1965).Parker’sresultdoesnotrule
/ / this out, asFig.9shows.Here a discontinuityat 700
/ / km depthhasbeensmoothedwith a resolvingkernel

• /1 of spread0.05RE; theresultfits Parker’smOdelquite
,‘7’ well.

Theregionbelow1,000km isvery imperfectly
probed.Banks’ datado seemto indicatethe exis-

GO I I I tenceof aplateauhereat about1 mho/m.Parker
1’O 0-9 O8 1)7 hasshown,however,that this levelling off isjustat

the limit of resolution.Clearly thecurvecannotre-

Fig.8. Comparisonof exact(Bailey,1970)andheuristic Par- main at this valuedownto muchgreaterdepths,as
ker,1970)methodsusingBanks(1969) data, it hasto riseby afactorof 100 towardsthebottom
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20 would tell uswhethera plateauexistsbelow 1,000

----stepmode~ ° km. Whetheror notthe requireddatacanbe ob-
—smoothed step tamedwith this accuracyremainsto beseen.Banks

41 Parker usedalimited amountof observatorydatain deriving
1’5 his responsefunction.It seemslikely thatanexhaus-

tive studyalongthe samelines couldsignificantly
a- reducetheerrors.Finally, it appearsthatstudiesof

the topfew hundredkilometersarebestleft tolocalm~m’ magnetotelluricandshort-periodgeomagneticmeth-

:J’’H ods.Thesehigh-resolutionmethodscandealwith thelocal conductivityvariationsthatglobal studiesneglect.
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