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Thedifferentmethodsandtechniquesemployedin thetheoryof electromagneticinduction in thin sheetsare
reviewedandthemethodsfor approximationto thesolutionareindicated.Thesedependon whetherthesheetis
closedor finite andon whethertheintegratedconductivityand/orthefrequencyof variationsis high or low.

Resultsfor induction in f’mite sheetswhicharesuitablefor oceanmodellingaregiven.Theseincludesheetsof
perfectconductivityandsheetsof finite conductivitywhich is eitherdiscontinuousorcontinuousat theboundary.
Thedependenceof the“coastlineeffect” for aglobaloceanon the locationof theedgeof thecontinentalshelf,
theperiodof variationof theexternalfield andthe conductivityof theunderlyingearthis explained.

1. introduction layer.The surface,or integrated,conductivityof the
layerwill dependon the depthof the oceanandhence

The oceansconstitutea surfacelayer to theearth isnotuniform. The integratedconductivityhasbeen
of relativelyhighconductivity.This layer, together assumedinfinite in somemodels,uniform andfinite
with the conductivityof theunderlyingearthmodify in othersand non-uniformand tendingto zero at the
changesin theearth’smagneticfield. Thus theob- coastlinein themorerealisticmodels.
servedchangeat theearth’ssurfaceis theresultant In mostof themodelsconsideredsofar, the thin
of the primarychangeandthesecondaryfield of the sheetwaseitherplaneor spherical.The conductivity
currentsinducedin the liquid andsolid earth.It is im- of the underlyingearthisusuallyrepresentedby a
portantto separatetheprimarychange(suchasthe parallelconductingplaneor aconcentricspherical
daily variationandthe geomagneticstorm) from the shell of suitableconductivityat a suitabledepth.
secondary.Thisseparationalsohelps to revealthe Whenonly theoveralleffect of the ocean,butnot
surfaceand otherconductivityanomaliesneara thatof the coastline,is consideredtheconducting
particularstationandprovidesfurtherinformation shellrepresentingtheoceanis takenclosed(i.e., an
abouttheconductivityof theunderlyingearth, infinite planeor a completesphericalshell).When

Any idealisedtheoreticalmodelof this situationis botheffectsare examined,thesheetis takenfinite.
boundto meetwith extensivemathematicaldifficul- In theplanemodels,this finite sheetis takenfor
ties. Theabruptchangein theconductivityat the mathematicalconvenienceto beeithera semi-infinite
coastlineandtheedgeof the continentalshelfadds planeor aninfinite stripof uniform width in two-
to the complications.Hencesuchmodelswill only dimensionalmodelsandacircular disk in the caseof
throw light on theorder of magnitudeof thephysical threedimensions.For sphericalmodels,thesheetis
quantitiesinvolved, usuallytakenas a sphericalcap.

Severalsimplificationsare madein mostof the Earlierwork on inductionin thin sheetsincludes
modelsconsidered.Thefirst is thatwe studytheef- that of Maxwell (1891)for theuniform planeand
fectof oneocean,andnotthewhole distributionof sphericalsheetsand thatof Lamb (1887a,b) for the
oceansoverthe surfaceof the earth.Second,the non-uniformcirculardisk. Themost importantwork
oceanisusuallyrepresentedby a thin conducting sincetheseearlier investigationsis that of Price(1949)



304 A.A.Ashour,Inductionin theoceans

who obtainedthe boundaryconditionat the surface Wealso have:
of thesheetin termsof thenon-uniformdistribution B — ~ / — kE 4
of conductivityandthescalarmagneticpotentialsof — ‘~‘ ‘ —

the inducingandinducedfields. Forapplicationto whereE, H, B, D and! are theelectric field, themag-
the ionospherethis conditioncanbemodified to al- neticfield, themagneticinduction,the displacement
low for non-isotropicdistributions(AshourandFer- vectorandthecurrentdensity,respectively,andp, k
raro, 1962,1964;FerrisandPrice, 1962, 1965).An arethepermeabilityandconductivity,respectively.
equivalentboundaryconditioncanalso be obtained Weassumeour conductingsheetto be of infinite-
in termsof thevectorpotentialsof thefields (Ashour, simal thicknessd. Themediumon bothsidesis as-
197la). Price’scondition,or its equivalent,allows the sumedto benon-conductingandthepermeabilityis
solutionfor certainnon-uniform,finite andclosed takenasoneeverywhere.Furtherwe assumethat
sheetstobe obtained.Othermethodsof solutionhave thetimevariationsof the fields aresuchthatthe dis-
also beensuggested.The symmetricalinductionprob- placementcurrentcanbe neglected.
lem canbe reducedto a Fredholmintegralequation Fromeq.3 we thusfind that the divergenceof
(Ashour, 1950).This hasbeenextendedrecentlyto themagneticfield vanishes.In the dielectricoutside
cover non-symmetricalproblems(Hutsonet al., 1972), the sheetwhere!= 0, eq.3 showsthatcurlH is also
thoughtheyhavenotactually~dealtwith anynon-sym- zero andhenceoutsidethe sheetthemagneticfield
metricalproblem.Theinductionproblemcanalsobere- is derivedfrom a scalarpotentialsatisfyingLaplace’s
ducedtodual integralorseriesequations(Ashour, 1965a, equation:
b;Weidelt,1971). 2

H=—grad~l,V~1=0 (5)Exactsolutionscanbe obtamedfor very fewdis-
tributionsof conductivity.Theseincludecasesof Fromtheboundaryconditionsat thesurfaceof
perfectlyconductingfinite sheets.Forotherdistribu- separationof two media(see,for instance,Ferraro,
tionsapproximatemethodshaveto beapplied.Price 1954),we find that the tangentialcomponentsofE
(1949)hassuggestedtwo generalmethodsto be ap- and thenormalcomponentof H are continuouson
plied in casesof low andhighconductivity.These crossingthe sheet.
havebeenextendedrecentlyby Hutsonet al. (1972). The integratedconductivityaof the sheetandthe

Apartfrom the “thin sheet”model,othermodel integratedcurrentdensityI flowing in its surfaceare
conductorshavebeenconsidered.Theseincludethe definedas:
importantcaseof the semi-infinitemediumwith a d d
planeboundaryandaverticaldiscontinuityin the a=f k41, i = i~=f Jdl (6)
conductivity to resemblethecoastline(Weaver,1971). 0 0
We shall,however,confinethepresentpaperto the wherecli is theelementof thicknessnormalto the
thin sheetmodels.The following sectionsof thepaper surfaceof the sheetand thesubscripts refersto the
will attemptto explainthemethodsandtechniques tangentialcomponent.Integrationof theequation
of solvingthe problemof inductionin thin sheetsand / = kE throughthethicknessof thesheetgives:
theapplicationto inductionin the oceans. —

aE5 i~

Fromthe theoryof currentsheets(Ferraro,1954),

2. Thefundamentalequationsandformulae therelationbetweenthe currentfunction~j’andthe
magneticscalarpotentialof the sheetisgiven by:

2.1. Thefield equations ‘I’ = [&2]/4ir (8)

Theequationsfor time-varyingfields in e.m.u.are: where[F] denotesthechangein anyfunctionF on

curlE—B’ (1) crossingthe sheet.

curlH= 4irJ+ D’ (2) 2.2. Prices’sboundarycondition

div B = 0 (3) Weassumea conductingsheetasdefinedearlier.
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Thesheetmaybeclosedor fmite, uniform or non- which satisfiesLaplace’sequation,vanishesat agreat
uniform.Wealsoassumethat thesheetis subjected distancefrom the sheetandsatisfiesthe boundary
to a time-varyingmagneticfield of origin externalto condition(eq. 15) atthe surfaceof thesheet.
it. Whatis requiredis to determinethefield of the Whenthemethodis applied,~ is usuallyexpres-
currentswhich is inducedin the sheet.The funda- sedasan infinite series(orintegral)of harmonics.
mentalsteptowardsthisend isto obtainthecondi- Whenthesheetis closed,theapplicationof eq. 15
tion to besatisfiedby the inducingandinduced usuallyyieldsa differenceequationfor the coeffi-
fields at the surfaceof the sheetfor a givendistribu- cientsof the series.Weshalldeallaterwith methods
tion of conductivity.This wasdoneby Price(1949). of solutionof this differenceequation.But whenthe

Startingwith eq. 1 andnotingthatE5 is a sur- sheetis finite and formspartof a closedsurface,it
face functionof the sheet,eq. 1 reducesto: mustbenotedthateq. 15 expressesthe boundary
curl E5= —n8 Hn/ót= n a

2~2/atan (9) conditionat the surfaceof thesheetonly. On the
remainingpartof theclosedsurface,thecorresponding

where3/andenotesdifferentiationin the direction conditionis thatthe currentdensityiszero(or the
normal to the sheetandthesubscriptnrefersto the currentfunctionis constant).
componentin thatdirectionandn denotestheunit Price’sboundaryconditionis particularlyuseful
vectorin the samedirection.Substitutionfrom eq.7 in the applicationtonon-symmetricalproblems.The
in eq.9 givesafterwriting p = 1/a: non-symmetrydoesnot addanydifficulty. Further,

if we havetwo (or more)concentricsphericalsheets
curl (p i~)= p curl i~+ gradp~i

5 = is8
2cz/anat (10) (or parallelplanesheets),theboundaryconditioncan

Notingthat: beappliedat eachsurfaceandthe solution may be
obtainedasin the caseof onesheet.

i
5—nA grad’!’ (11)
and thatfrom eq.5 and8: 2.3. Theboundaryconditionat thesurfaceof the

sheetin termsof thevectorpotential
[H] = —grad [cl] (12)

we obtain: Theboundarycondition(eq. 15), dueto Price,
involvesthe resistivityof thesheetandits gradieiit

p curl(nA [H]) + gradpA(nA[H]) = —4lrnaHn/at andthusdifficulties arisewhentheresistivity and/or

Taking thenormalcomponentof both sidesyields: its gradientare discontinuousin thesheet.An
equivalentformulawhich involvesonly the integrated

p div [H] + gradi~’[H] = 4ir3H~/8t (13) conductivityof the sheetbutnot its gradtentcanbe

Eq. 13 whichis satisfiedat thesurfaceof the sheet, obtainedin termsof thevectorpotentialsA~andA
1

gives the relationbetweenthevarying totalmagnetic (Ashour,197la). The detailsof thederivationwill
fields on thetwo sidesof thesheetirrespectiveof notbe givenhere.Thiscondition* is:
how theyareproduced.In our case: [3A~/8n}=4iroa(A+A~)/at (16)

(14)
where:

wherethe superscriptse,i referto the inducing and
H curiA, divA = 0 (17)

inducedfields respectively.Notingthat the inducing -

field is continuousat thesurfaceof thesheetand andoutsidethe sheet:
thatin eq.9 fl is replacedby ~ eq. 13 reducesto: V2A’ = 0 (18)
pv2’I’ + gradp grad‘I’ = ~a2(f2e+ f21)/at an (15)

Theform (eq. 16) of the boundaryconditionto
at thesurfaceof the sheet, be satisfiedat the surfaceof thesheetis usefulin the

If the inducingfield is given,~e wifi be agiven
functionof the time andthe spacevariables.To find * Theparticularform of thiscondition for auniformplane
the inducedfield, it is necessarytodetermineW sheetwasgivenby Smythe(1968).
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applicationto finite sheetswith conductivity zeroat the orthogonalpropertiesandrecurrencerelationsof
theedge,i.e.,whenthe conductivityof the closed theharmonics,this equationis reducedto a difference
surfaceof whichthe sheetis apartis continuous equationin theunknowncoefficientsC,, of the
(but notnecessarilyits derivatives).This form of the series.In mostof the casesthis equationis of the
conditionis alsoparticularlysuitablefor application form:
to symmetricalandtwo-dimensionalproblems,be- = a (D~C + b (D~C n> 1
causein suchproblemsthevectorpotentialhasone n+1 n’ / / 1 (20)
componentonly, andis derivedfrom onepotential = a (D) C +DH(t)
function only. 2 1 1

Whennon-symmetricalproblemsare considered, whereD is the operatora/at,H(t) is a given function
caremustbetakenthatA’ is derivedfrom two in- of the timedependingon theinducingfield anda~
dependentfunctions.To illustratethis point, we con- andb~aregiven functionsof D andn. The following
sidersphericalpolar coordinates.In thesecoordinates, methodof solutionwassuggestedby Price (1949).
theexpressionfor A’ which satisfieseq. 18 with div Clearly from eq.20 anyC,, canbeexpressedin
A = 0 is given by Smythe(1968): termsof C1 only. Thefact thatC,, mustvanishas

n -÷oo in order that thepotentialseriesmayconverge

A = curl (rU)+ gradV (19) is usedto obtainsuccessiveapproximationsfor C1.
Thusit caneasilybeverified thateq.20 canbe

whereU andV satisfyLaplace’sequation,andr the written in theform:
positionvectorrelativeto the origin. The termin- = (D\ ~ + D ~ Hit’ 21
volving V in eq.19 doesnotcontributeto themag- ~ P,,’~ ~ q~ / ~

neticfield andsoit is temptingto ignoreit. This is wherep~(D)andq~(D)satisfy thedifferenceequa-
justified in the axi-symmetriccasebecauseA hasone tion(eq.20) andhavegiven initial values,namely:
componentonly in this case.But whenboth tangen- p 1, p =a ; q 0, q~,=1 (22)
tial componentsexist,wecannotneglectVbecause i 1
eq. 16 will beequivalentto two equations,onefor In factPn(D)andq~(D)arepolynomialsof degreen
eachof the componentsofA

1. In this case,taking V andn—i inD. Hence,sinceC,, -~ 0 asn —~o~:

into accountaffectsU andhenceindirectly contributes Dq (D)
to themagneticfield (Ashour,1973). C

1 = lnn p(D) H(t) (23)

SuccessiveapproximationsC15 to C1 and C,,5 to C,,
3. Electromagneticinductionin closedsheets are obtainedby taking C5 = 0. Thesearegivenby:

q5(D)
3.1. Generalmethodofsolution whenthescalar or C15= —D ‘D~H(t), s= 1, 2,...

vectorpotentialisexpressedasan infiniteseries ps~~ (24)
ofharmonics C,,, p,,~Y~’15+Dq,,(D)H(t),

If the potentialsof the inducingandinducedfields
areexpressedoutsidethesheetasharmonicsolutions = 1, 2,. . . ,S — 1
of Laplace’sequation,thenevenif the distribution of
conductivityassumesa simpleform therewill not Whenthe fields varyharmonically,the operatorD
bea one-to-onecorrespondencebetweentheharmon- canbe takenin thesteadystateasequalto apure
ics of the inducingandinducedfields.Whenthecon- imaginaryconstantandtheprocessof approximation
ductivity dependson onesurfacecoordinateonly of is continuedtill thecoefficientsandthe seriesgiving
thesheet,an infmite seriesof harmonicsin thepoten- the componentsof thefields ascalculatedfrom two
tial of the inducedfield will generallycorrespondto consecutivestepsdiffer negligibly. On theotherhand,
eachharmonicin thatof the inducingfield. By sub- if we requireto calculatetheeffectsof a suddenrise
stitutionin theproperequation(15 or 16) andusing in the inducingfield, i.e.,if H(t) isgivenby:
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H(t) = 0 t < 0 ably.The advantageof this procedureis that all the
(25) coefficientsareobtainedin onestepandsoanyerror

= H0 t ~ 0 in C15doesnotpile up whencalculatingthefollowing

coefficientsasmayhappenin thefirst methodof
we needto apply theHeavysideoperationalrule, solution.
namely:

3.2. Iterativemethodsofsolution

D ~a H(t) = H0 e~ (26)
Price(1949)suggestedtwo iterativemethodsof

If the operatorq5(D)/p5(D)canbe expressedasa sum solution to theproblemof inductionin thin sheets
of partialfractionsandeq.26 is appliedC15 andC,,5 for thetwo caseswasmallor large(w = DI). These
will beexpressedin theforms: methodsareexplainedin ProfessorPrice’sreview in

a ~ thepresentissue.Hereweonly give therelationscon-
C15 = H0 A81.e (27) nectingtwo consecutivesteps(s ands+ 1) in theitera-

r1 tion processin eachof thetwo cases.Whenweis

s —~ small,wehaveusingPrice’sboundarycondition:
CH Ap(~~~a)e51~t 1

ns 0 rr.1 “ ~ ~ + agrada grad‘I’~~~= _aw(He+H~(29)
n = 1, 2,.. . s—l (28) andwhenaw islarge,we have:

where—a51.(r= 1, 2,. .. ,s) are thezerosof p5(D) and: ~ = ~ ÷(waY’( V~’I’5+ a grada~‘grad’!i,,)
A q(—a)/p(—a )

sr n sr n sr wherethesubscnptn hasbeenomitted.

It is to be notedherethatin this methodit is implied The two procedureshavebeenappliedby Price to a
that the timeconstantsof thesheetare discrete(i.e., specialcasefor which an exactsolutionisknown,
thea57.are all different,realandpositive). If this is namelythatof theuniform infinite planesheetand
the case,oneusuallyobtainsa goodapproximation in both casestheprocessof approximationsconverged
from afew steps.Otherwise,i.e., if thetime constants to the solution.
for theparticularconductivity distributionconsidered Most of the otheriterativesolutionswhich have
are notdiscrete,themethodwill not converge, beensuggestedincludingthosefor finite sheets,fall

The aboveprocedurehasbeensuccessfullyapplied within the abovetwo methods.Furtherdiscussionof
by AshourandPrice(1948)for inductionin a spheri. iterativemethodsof solutionswill begiven laterin
cal shellwith a= o0/(1 + e cos 0) by a non-symmetri- connectionwith finite sheets.
cal field, by Price(1949)for inductionin aplane Bullard andParker(1970)modified eq.29 slightly
sheetfor whichavariesharmonicallywithx andin by expressingH’~on theL.H.S. in termsof thecur-
severalotherproblemsof closedsheetsof continuous rentfunction‘4’s. Theyalsoextendedeq.29 to cover
conductivity(AshourandFerraro,1964;Ashour, thecasewhenthereis aperfectlyconductingconcen-
1969). tric spherein additionto the sphericalfinite sheet.

An alternativemethodto solvethedifferenceequa-
tion (eq.20) is to regardit as a systemof infinite 3.3. Surfaceintegralformulae
linearequations(Ashour, 1971a). Themethodof ap-
proximatingto thesolutionin this caseis to neglect HobbsandPrice(1970)derivedsurfaceintegral
C,, forn >s andconsiderthe first s equationsonly ~• formulaeexpressinganyoneof certainfield quanti-
Theprocessis continuedtill it is foundthat the series ties,namelycurrentfunctionsandnormalcompo-
giving the componentsof the field ascalculatedfrom nentsof magneticfields, in termsof anyoneother
two consecutivestepss and5+1 do notdiffer appreci. for currentsflowing in concentricsphericalsurfaces.

Theseformulaeareusefulin obtainingthevertical
magneticfield, which is usuallyrepresentedby series

* Seefor instanceKantorovitchandKrylov (1964). which are eitherdivergentor slowly convergentat
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linesof discontinuityof theconductivity,in terms Theinfinities appearingin thecomponentsand
of the currentfunctionwhoseseriesis usuallyquickly tKe~currentdensityat theboundaryareall of order
convergent.Hobbs(1971)successfullyappliedthese x~asx-+0.
integralformulae to electromagneticinductionin a
hemisphericalshell representingthePacificOceansur- 4.2. Exactsolutionsfor certainfinitely conducting
roundinga concentricperfectlyconductingsphere. sheets

4.2.1.Lamb’ssolutionfor thecircular disk

4 F’ ~ ~ Lamb(l887b) consideredtheprincipaltimecon-- im e ~ S stantof a circulardiskandrestrictedhimselfto axi-

symmetriccurrentsdecayingfreelyin thedisk. He
4.1. Perfectlyconductingsheets . .

showedfrom simplephysicalprinciplesthatif the
surfaceconductivityat distancep from thecentreis

Whenthe sheetis perfectlyconducting,thebouftda- b
ry conditionat its surfacereducesto thevanishingof given y.
thetotal normalmagneticfield. Hencethe.induction a(p) = a0(l — p

2/a2)”~/F(—n,-~-,2, p2/a2) (31)
problemin this caseis thesameas thatof theirrota-

thecurrentdensitywill begiven~by:tional flow of a perfectmviscidfluid acrossthe sheet

andisthereforerelativelysimpler thanwhenthecon- .~ ~ ir I’ (ii + 1) P[’~ ~L 1 32
ductivity is finite. Exactsolutionscanbe obtainedin ‘~‘~‘ — a F (n +!) a L a2 i
specialcases. 2

In thecaseof the infinite strip of uniform width andtheprincipaltime constantof the sheetby:

andthecircular disksubjectedto a normaluniform r = F (n +-~)ap3/2a
0/2 1’ (n + 1) (33)

inducingfield, simplesolutionscanbe obtained
usingellipticandoblatespheroidalcoordinatesbe- wheren + ~> 0andF is thehypergeometricfunction.
causethesetwo sheetsarenaturalboundariesin the Two casesof specialimportancehavebeencon-
two systemsrespectively(Smythe,1968;Lamb, sideredby Lamb,namelyn ~ and n = 1.
1945).Formorecomplicatedinducingfields, the Whenn = -~ theconductivityis finite everywhere
exactsolutionsare obtainedby reducingtheproblem in thesheetanddoesnotvanishat the edge.Thecor-
to a systemof dual integralequations(Ashour,1965a). respondingcurrentdensityisclearly finite at the

Whenthe sheetis in theform of a sphericalcap, edge.
the solutionfor symmetricalinducingfields canbe Whenn = 1, theconductivityisgivenby:
obtainedfrom that for the diskor independently ,~ ~ ,- 2 2\ /14 2 2~ o0~a p ~ a p 34
(Collins, 1961;Ashour, l965a,b; DossandAshour,
1971). The non-symmetriccasehasalsobeensolved Thisdistributionis almostconstantall over the sur-
by reducingthe problemto a systemof integralequa. faceof thedisk andfalls sharplyto zeroat theedge,
tions(Ashour,1965b,c; Doha,1972). i.e., it is continuousat theedge.Thisdistributionis

Theresultsfor perfectlyconductingsheetscanbe verysuitablefor oceanmodelling.Thecurrentdensity
summarisedas follows: is zeroat theedgeand it canbeproved(Ashour,

(1)The verticalcomponentof thetotal field is 197 la) that thefield inducedin sucha sheetis also
zeroin thesheetandis infinite justoutsideits bound- fmite andcontinuousthere.
ary.

(2) The tangentialcomponentof thetotal field 4.2.2. Weidelt’ssolutionfor two thin halfsheets
normal to theboundaryof the sheettendsto00 at Weidelt(1971)consideredelectromagneticinduc-
theboundaryof the sheetandis negligible outsideit. tion in two adjacenthalf-sheetswith differentuni-

(3)The tangentialcomponentparallelto the form conductivities.His systemof conductorsalso
boundaryis finite andcontinuousat theboundary. includeda perfectlyconductingparallelsheet.The

(4)The currentdensityis infinite at theboundary inducing field is suchas to rendertheproblemtwo-
but thetotal currentin the sheetisfinite, dimensional.
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Theproblemwas reducedto two dual integral hasan infinity of orderlog Ip—p’ I whenp = p’. This
equationswhich could be solvedusingamethodof doesnothoweverraisedifficulties whenapplying
contourintegrationdue to Clemmow(1951, 1953). Fredholm’ssolution,becauseit wasprovedby
The resultsobtainedby Weideltshowthatas longas Hilbert (1924) “, that theseinfinitiescanbe replaced
the conductivitiesof the two half-sheetsarefinite and by zeroeswithout alteringthesolutionof the equa-
unequal,thecurrentdensityandthetangentialmag- tion providedthat a positivenumber3< ~ canbe
neticfield areboth finite anddiscontinuousat the foundsuchthat:
line of discontinuity.Thenormalcomponentof the .

lim (p—pyK(p,p)0 (38)
field has a loganthniicmfimty at the line of discon-
tinuity andon bothsides.

A similar resultwas alsorigorously obtainedby Condition(38) is clearlysatisfiedin our case.
Parker(1968)who consideredthe two-dimensional WhenA is small, i.e.,for low conductivityandslow-
problemof inductionin an infinite stripby aparallel ly varyingfields themethodof continuedsubstitu-
symmetricalcurrentline. tion, namely:

4.3. Thereductionof theproblemto aFredhoim g,,~1(p) XF(p)+xf g~(p’)K(p,p’) dp’ (39)
integralequationandallied methods a

canbe usedto obtainthe approximatesolutionof
Whenthe sheetis in theform of a surfaceof revo- theequation.In fact Hille andTamarkin(1930)have

lution andboththe conductivityandinducingfield provedthatwhenK(p, p’) issymmetricandhasdis-
haveaxial symmetry,theproblemof inductionin continuitieswhenp = p’, eq.37 admitsa convergent
the sheetcanbe reducedto that of a Fredholminte- solutionby themethodof continuedsubstitution,
gral equation(Ashour,1950).This isdoneby re- providedthat: (1)F(p) is integrable;and(2)
gardingthe sheetascomposedof aninfinite number 1/(b—a)f~K(p,p’) dp < Pc

1 I.
of coaxialannularcircuits.Thusif theequationof Ashour(1950)consideredthe specialcaseof a
the surfaceof the sheetin cylindrical coordinatesis: uniform circular disksubjectedto a uniform inducing
z= field normal to it andcalculatedthe amplitudeand

‘ ‘ phaseof thecurrentdensityby using themethodof
andits integratedconductivityis a(p),the integral continuedsubstitutionandalsoFredholmsolution.
equationfor thecurrentdensity1(p) is: He also estimatedtheprincipaltime constantof the

aD 92 sheet.Foran oceanof global dimensionsthisis
1(p)= —pDH(p,t) a—-i——f’ i(p’)M(p, p’) about4 hours.

Two-dimensionalproblemscanalsobe reducedto

11 + f’2( ~ (36~ the solutionof aFredholmintegralequationby re-~ ~ -‘-‘ “i’ ‘ gardingthesheetascomposedof an infinite number

wherePt andP2 are theradii of theboundariesof of thin strips.Roden(1964)consideredinductionin
the sheet,H(p, t) isthe flux acrossthecircuit of auniformly conductingstripwith a perfectlycon-
radiusp dueto the inducingfield,M(p, p’) is the ductingplaneunderneathit. He reducedtheproblem
coefficientof mutualinductionbetweenthetwo cir- to a Fredholmintegralequationandhissolutionis
cuitsof radii p,p’ andD= a/at asbefore. similar to thatof Ashour(1950) for thecircular

The aboveequationcaneasilybe transformedto disk.
anotherFredholmintegralequationwith symmetrical It shouldbenotedherethat the methodof con-
kernel(Whittakerabld Watson, 1920) of the form: tinuedsubstitutionusedby Ashour(1950)andby

I. , , , Roden(1964)is in fact identicalwith themethod
g(p) = XF(p) + A,) g(p )K(p, p ) dp (37) suggestedby Price(1949)for low conductivityand

a slowly varyingfields.

whereA varieswith the conductivityandthe fre-
quency.Thekernelof eitherof thesetwo equations~ * SeealsoB6cher(1914).
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Whenaw islarge,themethodsuggestedby Price first methodto apply to this case.Thismodifica-
is met in the caseof finite sheetsby thedifficulty tion is simply subtractingag,,÷1andag,, from
that the first approximation,whichcorrespondsto the left- and right-handsidesof eq.37. It was
thecaseof infinite conductivity, involvesinfinities statedthata, an arbitraryconstant,couldalwaysbe
in thecurrentdensityandinducedfield at the bound- chosento give a convergentseriesof approximations
aryof the sheet, providedthatneithertheconductivitynor thefre-

Doss andAshour(1971)consideredinductionin a quencyisinfinite. No physicalsignificancewashow-
finitely andhighlyconductinghemisphericalshell evergiven fora.Also no waywasindicatedof how
with the aim of finding therangeof frequenciesfor to chooseanoptimuma for aparticularproblem.The
which an oceanof global dimensionsactsas if of in- methodwasillustratedby a numericalcaseforwhich
finite conductivityexceptnearthecoastline.The 4iraaw= 16.-This, for aglobal ocean,corresponds
problemwasreducedto two dual Besselintegralequa- to variationsof periodabout 15 hours,andthus
tions.To avoid the above-mentioneddifficulty, a couldhavebeenadequatelydealtwith by the ordinary
specialinducing field was assumedfor which no in- continuedsubstitutionmethod(a= 0).Thisdoes
finities appearat the boundary.Thesecondapproxi- not,however,lessenthepotentialitiesof themethod
mationwas obtainedfor a value4iraaw= 100.This andit ishopedthat it wifi beappliedto problems
correspondsto aperiodof 2.4hours.The results which could notbe solvedby previousmethods.It
obtaineddifferednegligibly,exceptnearthecoi’stline, is alsohopedthat themethodof calculatingthe field
from thosefor an oceanof infinite conductivity, componentsat the boundary,andnotonly thecur-
Henceit wasconcludedthatfor theoveralleffectof rentdensity,wifi be clarified in futurepublications.
theocean,it canbe takenasperfectlyconductingfor
periodsless than 2.4hours*. 4.4. Resultsfor finitely conductingsheetswith dis-

The methodof the Fredhoimintegralequation continuousconductivityat theedge
hasbeenrecentlyextended,thoughnotapplied,tocover
non-symmetricalproblemsby Hutsonet al. (1972).The The resultsfor sheetswith finite butdiscontinuous
equationtheyobtainforageneralsheetinvolvesthesca- conductivityat theedgecanbesummarisedas fol-
larelectricpotentialinadditionto thecurrentdensity. lows:
Forthe symmetricalcase,this equationreducesexactly (1) Thecurrentdensityand tangentialcomponents
to thatderivedby Ashour.Theauthorsconsideredthe of the inducedfield are finite at the boundaryof the
integralequationfor a symmetricalproblemofinduction sheetandhavediscontinuitieson crossingit.
inahemisphericalshellandgaveaproof,usingtheorems (2) Thevertical componentof the inducingfield
inFunctionalAnalysis,thatthecurrentdensityisfinite at hasalogarithmicinfrnity at theboundary,thiscom-
theboundary**ofthesheet.Theyalsogaveamodifica- ponentis reversedat the boundary.
tion to themethodof continuedsubstitutionto cover
thecaseof highconductivity, thusextendingPrice’s 4.5. Sheetswith conductivitydecreasingto zeroat

theedge
* Dueto anarithmeticerror,it wasmentionedin thepaper

thatthe value102 for 1/4iraoc~correspondsto a 24 A morerealisticmodelfor representingthe ocean
hoursperiod.Theresultsobtainedare,asmentionedhere, . . .

for a24 hoursperiod isa fliute sheetforwhich theconductivitydecreases
** DossandAshour(1971)werecriticisedby the authors to zero at the edgeand thusis continuousthere.

on thegroundsthattheyclaimthatthe currentdensityis Ashour(1971a) consideredsuchsheetsin theforms
infmite at theboundary.In fact, thiswas notclaimed, of a circulardisk, an infinite stripof uniform width
Theinfinity whichappearsis theresultof thesecondap- andahemisphericalshell.Theconductivity for the
proximationandcannotbetakenastherigoroussolution diskwasthatassumedby Lamb(l887b) andgiven
at theboundary.Further,referencewasgivenby Dossand ~
Ashourto Parker(1968)andWeidelt (1971)who proved uy eq.
that thecurrentdensityis finite at theboundary. It caneasily be provedthatfor suchsheetsthe
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currentaensityis zeroat the edge.Usingspheroidal (3)Thecouplingbetweenthe earthand ocean
harmonics(in thecaseof the disk), applyingthe reducesthescreeningeffectsof the oceanby a factor
boundarycondition(eq. 16) in termsof the vector rangingbetween20and 50% “. Hencetheenhance-
potentialand startingby anexpansionfor thecurrent mentof the total field for periodsup to 24hours,
densitywhichvanishesat the edge,it wasproved thoughreducedwhenbothoceanand eartharetaken
that themagneticfield is finite andcontinuousat into account,shouldbe observablefor stationsin the
theboundary.The problemwasreducedto a differ- locationof the coastlineprovidedthe shelvingof the
enceequationof the form of eq.20.For thegeomag- oceandoesnot occurfar from it.
neticapplicationanoceanof global dimensionsand
auniform (or dipole) inducingfield with timevaria-
tionsof 1—24 hoursor suddenchangeswerecon- 5. Conclucions
sidered.The resultswhichwere obtainedfrom a satis-
factory numberof termsof theseriesshowthat: Forimprovingour analyticaltechniquesin the

(1) Theinducedverticalcomponentis enhanced theoryof inductionin thin sheetswe needto know
manyfoldat the coastlineinland andin sea.It is not moreabout integralequations,dual integraland
reversedat the coastline(as in thecaseof a discon- seriesequations,infinite systemof linearequations
tinuity in theconductivitythere),but in the region andtheir numericalsolution.
aroundtheedgeof the continentalshelf.Theob- Theutmostthat the theoryof thin sheetscanoffer
servedtotalverticalcomponentis notreversed, for electromagneticinductionin the oceansis to

(2)Thehorizontalcomponentisenhancedis sea find the currentsandthefield inducedby the dif-
onlyjust off thecoast. ferentgeomagneticfield variationsin a spherical

In a following paper,Ashour(197ib) considered shellwhoseintegratedconductivityat anypoint
a modelwhich consistsof ahemisphericalocean varieswith thedepthof the liquid earthat that
coveringa pertectlyconductingconcentricsphere. point, andin an innerconductorrepresentingthe
Thedistribution of conductivity in the outercon- conductivityof thesolid earthto thebestof our
ductorwas givenby: knowledge.This is an ambitiousanddifficult task,

butevenif it is accomplished,we shouldnotforget
a(0) = a0(l + a) coSO(1+ acos

2 0)—i (40) the limitationsof the thin-sheetmodel (Schmucker,

wherea isa constant.Thusa(0)vanishesat the edge 1970).Model experimentsmayhavemoreto offer
andby changinga, the locationof theedgeof the in this respect.
continentalshelfcouldbechangedandits effect
studied.Also, theeffectof thedepthof theeffective References
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