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Some background and personal perspective

» Doug inspired by Bob Parker, Freeman Gilbert and George Backus: The Geophysical Inverse Problem

Multiprocessors

Workstation GIF JACI Direct DISC
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1D DCZ MT 2D DG, IP 3D Grav, Mag, DC, IP 3D FDEM, TDEM 3D FDEM, TDEM
(~50 variables) (~1000 variables) (~1 05 variables) (with a few sources) (with lots of sources)

Result: Computing power + advances in inversion methodology = we can now solve most EM
geophysics problems



Outline

» Choices for numerical implementation
* Linear Inverse problem (IP)

* Non-linear inverse problem (DC)

* Including other information

e SuMmary




Generic geophysical experiment?

All require ways to see into the earth without direct sampling

Physical
Properties



Survey: DC / IP

1 '
M N B
VYV V¥V Y

DC current and charge buildup

e Direct Current (DC) resistivity: ontime |y, Offtime
sensitive to contrasts in resistivity

T > -

e Induced Polarization (IP): sensitive to
chargeability

Conductive Resistive

e DC and IP can be acquired in a single
survey
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e Recovering resistivity from DC data is resralen curentand chatge buldr

On-time

. Ppff-time

a non-linear inverse problem

e Recovering chargeability is a linear :
inverse problem P




Century Deposit: geology + physical properties

Mineralized sequence:
e ~40 m thick

e PDb, Zn within black carbonaceous
shales (BCS)

Resistivity
e Provides structural information
(faults)

e Needed input to IP

Chargeability
e Associated with mineralization

Yaoguo Li circa 1996
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https://doi.org/10.1190/1.1444878

Century Deposit: DC / |IP data

DC: 46800E Pseudosection

2.0
o
o £ 4.0
DC Resistivity data £
8.0 ' ; : :
26500 27000 27500 28000 28500 29000
Northing (m)
L I
39.00 318.45 597.91
Apparent Resistivity (Qm)
IP: 46800E Pseudosection
2.0
o
£ 4.0
IP data 3
6.0
8.0 : ; : :
Survey 26500 27000 27500 28000 28500 29000
dipole — dipole B 0000 ]
a = 100m 0.80 9.20 17.60

Apparent Chargeability (V/V)

=1,7
" [ What earth model generated these data? ]




Our statement of the inverse problem

. . b .
 Given observations: d;°, j=

- Uncertainties: €5

- Ability for forward modelling: F|[m] =

* FInd the earth model that gave rise to the data.

Inversion
- DR ph e
Measuremen t sssss N
the Ea rTh e data S
/ QE;!?;_.!IJ
7 | <=—m Inversion = ~ 7
. processing
Model Inversion estimates Earth models

based upon data and prior knowledge.



Inverse problem

* Non-unigue
* |ll-conditioned ?

The Inverse Problem is ill-posed

Any inversion approach must address these issues
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Example of extreme non-uniqueness

DC experiment
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Constraining the inversion

What information is available?

- Geologic structure

- Geologic constraints

Prior information

- Reference model |
Geophysical

- Bounds data

- Multiple data sets

- Physical property measurements

Inversion

Physical property
model

[ How do we achieve our goal?

13



Need a Framework for Inverse Problem

Tikhonov (deterministic)

Find a single “best” solution by solving
optimization

minimize ¢ = ¢gq+ Bom,

subject to mp <m < mpg

¢q: data misfit

®.m: regularization

(. trade-oftf parameter

myr,,mg: lower and upper bounds

Bayesian (probabilistic)

Use Bayes’ theorem

P(m|d°®®) oc P(d°®*|m)P(m)

P(m): prior information about m
P(d°®*|m): probability about the data errors (likelihood)

P(m|d°®®): posterior probability for the model

Two approaches:
(a) Characterize P(m|d°*)

(b) Find a particular solution that
maximizes P(m|d°®®)
(MAP: (maximum a posteriori) estimate



Flow chart for the inverse problem

* Many components to achieving a
quality result

e Success is in the details

» Evaluate each step in the box
critically before going on

Inputs

Field observations &
error estimates

Ability to forward
model

Prior knowledge
Build reference model

|

Define inversion
model parameters

/\

Choose a misfit
criterion

Design model
norm

e

Perform Inversion

l

Evaluate results

lterate

'

Interpret preferred model(s)
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Starting up

« Survey and observations

« What processing has been done?
* Normalization of data

 Ability for forward model

» Assemble geologic, petrophysical
iInformation

* Build a reference model

« \What is the question you want
answered from the inversion?

Inputs

Field observations &
error estimates

Ability to forward
model

Prior knowledge
Build reference model

|

Define inversion
model parameters

/\

Choose a misfit
criterion

Design model
norm

e

Perform Inversion

Evaluate results

lterate

y

Interpret preferred model(s)
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Forward modelling approaches

Maxwell’s equations can be solved as:

* Integral equation (IE)

E(F) = E,(F) + /V G(F, 73)0a(7s) E(Fy)dv,

« Differential equation (DE)
V x 1V x E + woE = —wJ,



Desired qualities for a mesh

» Conform to structure being modelled

« Small number of cells to reduce computation time
* Be able to discretize equations on the mesh

» “Easy” to solve (sparse matrices)

 \isualize fields and models



What type of mesh?

Unstructured Structured Semi-structured

[T

To consider:

Complex geometry

Matrix size / sparsity

Visualization

Complexity of generating

« Ease of programming
* Discretizing to “infinity”
» Cell size / element size changes

19



Solving differential equations

Problems on unstructured or structured meshes can be solved using

* Finite Difference Method (FDM)

Complexity + Finite Volume Method (FVM)

 Finite Element Method (FEM)



Solving the forward problem

A(m)u = q

Methodology depends on A
« Small: use SVD or back-slash (and equivalent)
.« Intermediate: direct sover A = LL' or A= LU

* Very big: iterative techniques

E.g. Airborne TDEM
« Forward problem: 1000 Tx, 50 timesteps = 50,000 solves
* Inversion: 20 GN iterations and using CG solver - 20,000,000

[ Forward problem must be efficient; need lots of processors for big problems ]




Sanity checks for forward modelling
« Test numerical results against a (semi-) analytic solution (eg. halfspace,
sphere)

« Estimate numerical modelling errors (this can useful later when assigning
“uncertainties” in the inversion)

* Forward model your reference model and see how them match the data.
Check: Normalization errors? Coordinate system? ...



Inversion model parameters

In the forward problem

d = F|m]

| | ! 1 1 | | | 1 |

m IS our sought function
(conductivity, density, ...

Ayanonpuo) 607

)

Inverse problem: we have options
(eg log sigma, parametric ....)

Inputs
Field observations & Ability to forward Prior knowledge
error estimates model Build reference model

]

Define inversion
model parameters

Choose a misfit Design model
criterion norm

Perform Inversion

|

lterate

Evaluate results

;

Interpret preferred model(s)
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Inversion as an optimization problem

* Find a single "best” solution by
solving optimization

minimize

subject to mr < m < my

@4 : data misfit
®m : model norm
B : trade-off parameter

mr,my : lower and upper bounds

Inputs

Field observations &
error estimates

Ability to forward
model

Prior knowledge
Build reference model

|

Define inversion
model parameters

/\

Choose a misfit
criterion

Design model
norm

A

Perform Inversion

|

Evaluate results

lterate

;

Interpret preferred model(s)
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Flow chart for the
Inverse problem

Inputs

Field observations &
error estimates

Ability to forward
model

Prior knowledge

Build reference model

criterion

Choose a misfit

|

Define inversion
model parameters

_

Design model
norm

Perform Inversion

|

=

lterate

Evaluate results

'

Interpret preferred model(s)

25



Dealing with uncertainties

Observed datum

d?bs — Fj(m) —+ TLj

Noise n; includes

* Modelling errors * Noise on data
- dimensionality errors (1D v. 3D) - instrument / sensor noise
- incomplete physics - survey parameter errors
- discretization errors - wind ...

True statistics of “noise” Is complicated.
In practice, assume errors are Gaussian

N(O, Gj)




Dealing with uncertainties

Consider random variable, z; € N'(0,1)

: 2 _ 2 Chi-squared statistic with N
Define XN Z .Cl?] degrees of freedom

Expected value: E(x%) = N
Variance: Var(y% ) = 2N
Standard deviation: std(x4) = V2N



Mistit function

Crucial steps for any misfit: (1) Specify the metric used
(2) Determine target misfit

We use L, norm (least squares statistic)

@4 isnowa Y& varable

N 2
F.(m) — d°bs
Define data misfit: ¢a = Y ( i(m) )

6 .
j=1 J

Define W, =diag(1/e1,...,1/en) Reality: we do not know uncertainties

obs Try:
ba = [Wa(Flm] —d*)|3 ,
e; = 70|d3”| + floor
Elpa] ~ N



Flow chart for the
Inverse problem

Inputs

Field observations &
error estimates

Ability to forward
model

Prior knowledge

Build reference model

—_

|

Define inversion
model parameters

criterion

Choose a misfit

\/

Perform Inversion

|

Design model
norm

lterate

Evaluate results

'

Interpret preferred model(s)
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Model norms

First define our model norms as functions and then discretize

2
Smallest model: P = / (m — Myef )“dx
dm 2
Flattest model: Om = / (E) dx
dm\ 2
Combination: Om = Qg /(m — mref)zdw + Oéa;/ (%) dx

Discretize: ¢m — @s”Ws(m — mref)”% + amHWm(m)Hg



Flow chart for the
Inverse problem

Inputs

Field observations &
error estimates

Ability to forward
model

Prior knowledge
Build reference model

|

Define inversion
model parameters

criterion

Choose a misfit

Design model
norm

e

Perform Inversion

|

lterate

Evaluate results

'

Interpret preferred model(s)
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Perform inversion: Linear Forward problem

Linear problem Fm|]=d => Gm=d

1
b(m) = - [Wa(Gm —d*) | + 2| W, (m — myep)

Quadratic objective function (for a single variable)

8=Vmo g=G' W, W, (Gm —d°) + W, W,,(m — m,y)

g =20 (GTW, ;WG + W, W, )m =G "W, Wyd + W, W, m,;
Hm=»>b
H ¢ RM*M ig full rank m=H"'b
{m, b ¢ RM



Role of beta

p(m) = ¢a(m) + Bom (m)

6 — 0 Qb ™~ de 3

B—0o0: @~ Om o
Tikhonov Curve

» Desired misfit ¢ ~ N s

* Choose ﬁ such that ¢d(m) — ¢§ 10°

10° 107 10° 1072 107*
Beta

10~3 10~1 101
¢m

-600

- 400

-200

33



Linear inversion app (demo

Develop survey

: File Edit View Run Kernel Tabs Settings Help

[A] Linearlnversion-notebook.if X

] k-
B+ X OB » m C » Code v 0 aves 7 [EYE © Python3 O R IT . I,} . O Iq
O Model Sensitivity Noise amr u I Ve rS I
M 100 N 20 add_noise "~ File Edit View Run Kemel Tabs Settings Help
Mbpackground 0.00 pmin = -0.25 percentage 0 ] [#] Linearlnversion-notebook.if X
» mt 1.00 pmax | -3 floor | 0 B+ XTO @ » m C » Cde v O Avzs [ © Python3 O
Mcenter 0.20 gmin | 0 show data () I [12]: app.interact_plot_inversion() @ V12
i 0.20 i c
Mhawidth amin | 5 — mode @ Run noise option @ error contaminated otz
m2 2.00 show sensitivity = O Explore O clean data
m2 0.75
center » Misfit Model norm Beta
m2g;, 0.07
wene percentage | 0 mref 0.00 beta_min | 0.0001
show model .
floor ' 0.03 alpha_s = 1 beta_min 100000
Model Rows of matrix G N
° 0.010 - e chifact ' 1 alpha_x 0 n_beta 81
> X -
0.4 i_beta 0
1 0.005
® Plotting options
3 3 X o 4‘ . 02 9P
£ 0 3 ) DR ) . ' '
£ S 0.000 l‘,‘:“.é‘.‘\& data @ obs & pred tikhonov O phi_d & phi_m scale O linear
-1 Wy 0.0 O normalized misfit @ phi_d vs phi_m @ log
) —0.005
] , . . i : P Model Data $3=1.8e+01, ¢,,=4.5e-01, f=9.2e+01
0.0 0.2 0.4 . 0.6 0.8 1.0 § 0 5 > 0a x  Predicted
" ’ —}— Observed
- i 0.2 102
X 0 s <
Simple 0 1 {8 Python 3| Idle Saving completed Mode: Command & Ln1,C £
11 — True 0.0
-2 Pred 10! “\
-0.2
0.0 0.2 0.4 0.6 0.8 1.0 1073 101 10!
X m
Simple 0 1 {8 Python 3| Idle Saving completed Mode: Command & Ln1, Col1 Linearlnversion-notebook.ipynb

curvenote.com/@geosci/inversion-module/linearinversion .
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Linear [P problem

Linear model for IP (Seigel, 1959)
o Chargeability: n

o Effect increases resistivity

1
Pn=PT n € [0,1)

An |P datum can be written as:
M
d,{P — ZJZ'J"I?J' 1= 1, ,N
j=1

Where J;; are the sensitivities for the DC
problem |
~ Olog ¢’

Ji i =
7 dlog p;

Governing linear equation

dIP _ J’I’]




Elevation (m)

Field example: I[P Century deposit

|IP data .
IP: 46800E Pseudosection
2.0
o
£ 4.0
@]
8
6.0
(46800mE)
0 . . . : SOUTH,_/ ! NORTH
26500 27000 27500 28000 28500 29000 27000mN Drill Holes 28000mN
.:::EEE::I.. e e e e e 'j_"-l | - I]Ill'lllll‘;llllllllllIlI
0.80 9.20 17.60 S Saaa Seiet (nee
Apparent Chargeability (V/V) T B i B NS

Recovered chargeability (without positivity) =~ S —

0 -
-100
200 im
-300
—400 ' .

26000 26500 27000 27500 28000 28500 29000

Northing (m) ag = 0.1
0 5 10 15 ay=1a,=1

Chargeability (ms)



Non-linear inversion



Non-linear inversion

* Inverse problem
minimize ¢ = ¢gq+ LOm

Fj(m) — d3** ) 2

de:f:( ‘

j=1
* For linear problem: d = Gm
- And quadratic regularization: /(m — Mye) dv

v

- This is quadratic so we can solve in one step

* Problem becomes non-linear if:
I

/(i) F[m] is non-linear

(ii) ¢ is not Iy (e.g. 3 ‘M‘)
(iii) ¢y, is not quadratic

/

N N N\
N /N 7N 7N
N N N N
N /N /N /N

f(x)




Non-linear optimization

* Single variable Z:

« Case I: f is quadratic

f(x) = ix2—3x+9: (%x—3)2

: 3)=0 mmp

fi(z) = (55’3 -

* SUPPOSE

minimize f(x)

r=0

f(x) = (1:13 —3)? +ax® + bx?

2

f(-): function

X

Minimum: f'(z) =0
f'(x) >0

39



Non-linear optimization

minimize f(x) f(+): function

* Single variable Z:

« Case I: f is quadratic

1 1
fx) = 1332—3213—‘1—9: (ix—3)2

L —3)=0 m) =6

fi(z) = (55’3 -

f(x)

f(x)

* SUPPOSE
/ N

1
f(x) = (533 —3)? +ax® + bx?
/ X Global

Local




Non-linear optimization

* Newton’'s Method
Begin with Lk
Solve a local quadratic for 0x

Tpa1 = T + 0x

f(x)

Tl Tp+1 X

Local Quadratic: f(zg + 0z) = f(xr) + f'(x)dx + %f”(xk)éxQ Wg’)
)

p
f(xp)or = —f'(x)

_ f(xk)

dx that minimizes f’(:z:;C + dx) ‘
Or 0T = f”(xk)A/

-



Convergence conditions

-

\

f'(x) < tolerance

|0z|| < tolerance

f(z) >0

~

42



Summary: Newton’s method

Linear

f'(x)

*

L W)

[ Solution in one step j

Non-linear

X \\\\ /

Lk Thk+1

f(wk)ox = —f'(x)

oo f(=R)
dxr = f,,(x’;)

Tpi1 = Tk + Qix

[Iterate to convergence ] .

e

a <1




Multivariate functions

Minimize  ¢(m) m € {my,ma,...,mp}

Taylor expansion
o(m + 6m) = ¢p(m) + (Viod(m))! dm + %vamqb(m)(Sm + O(dm?)

Note similarity to single variable
1
[z +0x) = f(x) + ['(x)ox + S f" (x)0x” + O(62°)



Define

o
8m1
Gradient: g(m) =Vm¢ =] g € RM
o
6mM
. / 0% ¢ 02 ¢ 9% ¢
Hessian: om? Fma10ms 51 O
9% 0°¢ 02 ¢
m m m2 m m
H(m) =V Ve = | 7720 0™ omadmar | g pMXM
82:05 8% 8%
8mM 8m1 8mM 8m2 8m%\/] 82¢
Symmetric H; ;= o
(U1

Minimum defined: | g(m™) =0
H(m™) is positive definite




Finding a solution

(i) Begin with m®)
(ii) Solve H(m™)dm = —g(m®)  c.f. {f"(x)dz = —f'(z)}

(iii) m*+D) = m*) 4 adm



Our inversion

1 5
o . _ - o dobs 2 s 2
Minimize: o(m) = o ||Flm] 17+ 5 lIml Sensitivity:
| . , VinF(m)=J

Gradient: g(m) = V¢ = J* (Flm] — d™*) + fm . OFim]

A (9mj
Hessian: H(m) = Vyg(m) = JTJ + (Vo ) L(Fmt=a"") + 3

neglect
4 O

Final Hém = —g mmp (J7T + B)om = —(J76d + fm)

6d = F[m] — d°
N Y
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General algorithm: minimize ¢ = ¢q + Som

Pd

(m® 50N " nitialize m(©, 3O A
| *) alk) until convergence
e (m®, g o
----------------------------------------------------- Oa mED) = m® 4+ adm (line search)
y glk+1) g® (cooling)
" N ! J
Many variants: - Solving system

- Cooling rate



Summary
o

$(m) = 2 | Flm) — d°**|[2 + = jm?
Linear Non-linear
d=Gm d = F|m|]

(GTG+ B)om = —(Grd+pm)  (J'T+B)ém = —(J'dd + pm)
od = Flm] — d°°

m* T = m&) 4 adm

[AII understanding from linear problems is valid for nonlinear problems J
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DC resistivity

Governing PDE: electrostatic Maxwell’s equations

o [araday’s law

Vxe=0 — e=-V¢ Governing PDE
« Ampere’s law 1
V.7 =I8(r) V';Wb:—m("“)
« Ohm’s law
- 1
J = —¢€



DC inversion

Forward modelling

- Nodal discretization for ¢

1 e d
- Neumann boundary conditions €= 0150

. Discrete equations G'M;G ¢ = q

A(m)

[ ] 7
L ]
L
o7
)'\L x

e (Cell Center
= Node

«—~ Edge
—> Face

INnversion

- Invert for log resistivity (ensures positivity): M = log(p)

Tutorial: Cockett et al 2016, Pixels ad their neighbours
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Evaluate results

Same as for linear problem

* Plot Tikhonov curve and some
resulting models

450 ‘ —— Oy
\ *
400 \ Oy
3501 |
300
8 250
200
150
100
50 e
1 2 3 4 5
o

» Misfit

* Fvaluate models

n-spacing

o
o

n-spacing

o

n-spacing

o
o

N
<)

»
=}

»

®
o

N
o

»
=]

®
o

Observed —

200.00

120.00

40.00

Predicted

120.00

Apparent Resistivity (Qm) Apparent Resistivity (Qm

0 500

Normalized misfit
= 3.00

o
o
S]

Misfit (V)
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Example 2D DC resistivity Pole-Dipole

True resistivity model ﬂ

0 » Pole-dipole array
£ ] [ ] - n-spacing = 8
5 7% - Electrode-spacing = 100 m
w 00 - #of data = 151
—400 500 -1000 -500 0 500 1000 1500
Northing (m) . .
’ « 5% Gaussian noise added
T e— |
101 102 103
Resistivity (Qm)
Apparent resistivity pseudo-section Log10 (Voltage)
12 1
2.0
10 1
,§4.o 8
56.0 6 1
N
8.0 : : |
0 500 i
Northing (m) 21 |
40.19 121.47 202.76 0<—4.0 -35 -3.0 -25 -2.0 -15 -1.0

Apparent Resistivity (Qm) log1o(]d®|)



Elevation (m)

Elevation (m)

DC inversion: iteration 1
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—400
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Elevation (m)

Elevation (m)

DC inversion: iteration 5

True model

o

| | |
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—400
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Elevation (m)

Elevation (m)

DC inversion: iteration 7
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DC resistivity: Century

observed data resistivity model

5.0 07
E -100
260 =
v
g —  » £ 20
n [
s 7.0 5
2 3001
% 26500 27000 27500 28000 28500 29000 —400 T T ' T T :
26000 26500 27000 27500 28000 28500 29000
Easting (m)
39.00 318.45 597.91
Apparent Resistivity (Om) m
102 10°

Resistivity (Qm)

Tikhonov curve

predicted data

o
2000 - === ¢g

n-spacing
o
o

~
=)

0 T
26500 27000 27500
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Century deposit

(46800mE)
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DC/IP Inversion is a 2-step process

Step 1: invert DC data

DC: 46800E Pseudosection

resistivity model

2.0
o E
£ 40 c
o -  » &
© =
a g
= 6.0 %
.0 T T T T —400 T T T T ~ T T
26500 27000 27500 ) 28000 28500 29000 26000 26500 27000 27500 28000 28500 29000
Northing (m) Easting (m)
39.00 318.45 597.91 102 10°
Apparent Resistivity (Qm)

Step 2: invert IP data using sensitivities from recovered model in Step 1

IP: 46800E Pseudosection

0
2.0 —_
£ -100
2 p
£40 > S —200
© o
& 8
£6.0 & -300
. r r . —-400 T T - r
26500 27000 27500 28000 28500 29000 26000 26500 27000 27500 28000 28500 29000
[ Northing (m)
0.80 9.20 17.60 . [ .
Apparent Chargeability (V/V) 0 5 10 15 20 25 30

Chargeability (ms)



Constraining the inversion

What information is available?

- Geologic structure Prior information

- Geologic constraints

- Reference model |
Geophysical

- Bounds data

Inversion

- Multiple data sets

Physical property

- Physical property measurements model




Constraining the inversion

Generic model norm
2 2
d(m_mre')
b = ay [, w(m=mer ) dv+a f,w, (9500 ) dx+a, [, w

Exploring the standard model norm 2;22,%:1
* Alpha weightings -
« Weightings w’s gi - 2 ;=0
» Reference model - o - |"'” "
« Combinations offer great flexibility ot I

-1500 1000  -500



Reference model and i1ts uses

Generic model norm

2 2 2
d(m—myer) d(m—myer)
g[)m:asfvws(m—mref) dv+avawx( — L )a’x+azfvwz( — f >dz

« Simple or complex a, =2x1073,a, = 1,a, = 1, M = 150 Qm

\

o

» Used in derivative terms or not

Elevation (m)

 W’S used to attach confidence in
the reference model

| | | |

B W
(=] o © O
o o o o

 (Can be used to

* incorporate additional information

Elevation (m)

« Hypothesis testing

00
26000 26500 27000 27500 28000 28500 29000
Northing (m)

102 103
Resistivity (QOm)

* Depth of investigation for survey
62



Use of a reference model for depth of investigation

Background to DOI Example from Century deposit
DOI index

ml —m2

1 _ .2
mref mref

doi index =

Elevation (m)

m,: recovered model with m, Resistivity model above the DOl (DOI index=0.5)

= o-—“‘{!— N B w 103
. - 2 5 ool —— '
m,: recovered model with myq¢ : 200 A e Hmz
_ Y _200 ; ' — :
(Oldenburg and Li 1999) 26000 26500 27000 27sqo 28000 28500 29000

Northing (m)

DOI index

Resistivity (Qm)



Use weighting functions

2 2 5
model NOrM: ¢y = a, /, w, (m = mys ) do+a [, w0 (27550 ) dx + a [, w. (=) dz

* Incorporate confidence in model or derivative
* Hypothesis testing

» Used to incorporate sensitivity weighting
 Important for potential fields

» Generate more realistic models



Sensitivity weighting

Consider Gm = d and minimize ||m||?

Easiest way to generate signal is to locate m where G is large.

In magnetics this produces a module with susceptibility at the surface

Magnetic data Recovered susceptibility Sensitivity weighted susceptibility

Y Axk 100

300 A

200 A
80
100 A

y (m)

0 1

S}
TMI (nT)

—100 +

—200 A

//
100 9%
200 X
—300 A 200 —0

p Lo,
300 -200 -100 0 100 200 300 A g l < E .
B B B of -0.005 -0.002
x (m)
9.8e-03 -49e-03




Sensitivity weighting

Consider Gm = d and minimize ||m||?
Easiest way to generate signal is to locate m where G is large.

Sensitivity in a DC experiment

I V

—0— @1
= O H
E L -
c
S
2 —200-
>
@
Ll
—400 T T T T T T T
-1500 —1000 -500 0 500 1000 1500
Northing (m)
-107*4 -1075 0 10-53 10~4

Sensitivity
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Sensitivity weighting for DC

B
Without sensitivity ™
weighting %
b
(18]

With sensitivity E
weighting S
©
2
W

-1500 -1000

ll{i -

N
i=1

J?

-500 0 500
Northing (m)
101 10? 103

Resistivity (Qm)

lj

1000

i-th datum
Jj-th model

1500
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Bound Constraints

* Physical property bounds in each cell
m; <m < mygy

* Projected Gradient Gauss-Newton (Kelly, 1999; Haber, 2015)
- At each GN iteration

‘m=H"16d + ag
Positivity m > 0

H: Hessian for cells not at the bounds
g: gradient for cells at the bounds
«: scalar



Enforcing positivity
Chargeability model

Susceptibility model

without positivity

Elevation (m)
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| { |
woooN e
o © o
o © o

—-400
26000

26500

27000

-
PR

27500
Northing (m)
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25

28500
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29000

with positivity

Elevation (m)
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{ |
N [
o ©
o ©

-300
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27500
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10 15 20
Chargeability (ms)

28500

29000

200 200 B
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8
g
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Elevation (m)

Structural information

« Body is at about the right depth but it is still smoothed out
« \WWant a solution that produces a thin mineralized zone
* Makes the faults more distinct

(46800mE)

SOUTH 2700|0mN . 280(|)0mN NORTH
0 Drill Holes
Tﬁl‘illllllll\llI\IlIIIIIIIIIII
_100 = L1
-200 -
—300 - T e
_400 T T 1 FLlllll
26000 26500 27000 27500 28000 28500 29000
Northing (m)
0 5 0 15 20

Chargeability (ms)

We can do this by altering the model norm

(i T re
¢m :as/ wslm_mref psdv‘l'ax/ Wy (m m f)
VvV Vv

dz

d(m — Myet)
dx

1%

70
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Why Lp?

« Work so far we have used L, norms

b= [ mP @)z -

« General Lp—norm

n A\

Discretize M
2
¢m E m;
1=1
M
¢m:Z|mi|pvi 0<p<2
1=1
p=2 p=1 p=05 p:O
69 55 54 100

Pm
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(General character

M
¢Wz::§E:hnﬂpvi
» Geometric character =

- p=2: all elements close to zero

- p=1: sparse solution, # of non-zero elements are < # of data
- p=0: minimum support, model with the fewest number of elements

* 1D problem
p=2 p=1 p=0

only ¢s _I_L_#/A\¥ FW_//\\ FW;//\\_

/\
only Qg _jl_d/p\x _FT__//\\_ J 1L/
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General Lp objective function

Each component of a 3D objective function can have its own Lp-norm

_ 2 _ 2
d(m = Mxer) rdV +a, / dlm = muet) = 1y,
dx v dz

Om = ozs/ ws|m — mrede + am/ Wy
V V




Lp inversion of DC data

observed data
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Lp inversion of DC data

observed data
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Lp inversion of |P data

Resistivity model (L2) Chargeability models

Ps =

o.
E 1001
s
2 —200-
g
o —300 1 e .
i - L2 resistivity
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Ps =Px =Pz =0
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What other information is available”

Petrophysics: each rock units each with range of physical properties

Geology: Lithology from drill holes

- Petrophysics
- Well-logs

(46800mE)
|
SOUTH27000mN Drill Holes 28000mN NORTH
, , Drill cores
Multiple properties ' Th
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Linking Geophysics, Petrophysics and Geology

data

Geophysical
data

B e (Fevophya )

Astic and

Geophysical Petrophysical e . Oldenburq,
inversion characterization V i 2020
Geological REEE==ry
Identification

A

) o :

Geological
data

Petrophysical characterization and geological identification are encoded in model norm.

(m) ZHH 2)(m; — myep (0, 2)))|[3
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Thank youl!

e SIMPEG:
https.//simpeg.xyz/

e Inversion resources:
curvenote.com/@geosci/inversion-module

banesullivan

bsmithyman dccowan dougoldenburg ’gwfmarchant _ fourndo

lacmajedrez

prisae rowanc1 sdevriese
A et
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https://simpeg.xyz/
https://curvenote.com/@geosci/inversion-module/linear-tikhonov-inversion

